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ABSTRACT. In this paper we exhibit the dissipative mechanism of the Cahn-Hilliard equa-
We show a weak form of dissipativity by showing that each individual
solution is attracted, in some sense, by the set of equilibria. We also indicate that strong
dissipativity, that is, asymptotic compactness in H'(RY), cannot be in general expected.
Then we consider two types of perturbations: a nonlinear perturbation and a small lin-
ear perturbation. In both cases we show that, for the resulting equations, the dissipative
mechanism becomes strong enough to obtain the existence of a compact global attractor.

1. INTRODUCTION

In this paper we study the Cauchy problem for the Cahn-Hilliard equation in RY

w + A%u+ Af(z,u) =0, t>0, v €RY,

u(0,2) = uo(z), = €RY,

under some mild assumptions on the nonlinear term f : RY x R — R.

This equation was originally derived in [11], with a cubic bistable nonlinearity, f(x,u) =
u—u?, as a phenomenological equation describing phase transition problems in binary metal-
lic alloys. Since then, a large amount of literature has been produced about the Cahn—Hilliard
equation which is considered a paradigmatic model describing a mechanism for pattern for-
mation and space time coherence. Most of the existing references however deal with the case
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in which Cahn-Hilliard model is considered in a bounded domain, subject to suitable bound-
ary conditions, see for example [40} 36] and references therein. See also [23] [14], 32] for a
system of Cahn-Hilliard equations, which appear naturally in the studies of multi-component
alloys.

Hence, just a few references seem to have considered the problem in R or in unbounded
domains. For example [10] studied in dimension N = 1 the stability of a particular monotone
increasing steady solution wug(x) = tanh(§), when f(u) = § — “2—3 For initial data which
are perturbations of ug(x) and using some weighted space, some stability and time decay
estimates are obtained. In [33], the authors studied in R the stability of constant solutions
of (L.1), assuming some local growth conditions and regularity on f = f(u) (i.e. independent
of x € RY). The perturbation of the constant initial data is assumed to be bounded and
sufficiently small in L!'(R”). Stability is obtained in L°(R") and decay rates are obtained
in some LP(RY). Sharper time decay rates for N > 3 were later obtained in [20].

On the other hand, several variations of have been proposed in order to provide more
complete models from the physical point of view. These models share some mathematical
properties with but also have some very different mathematical features. Without
intending to be exhaustive, the so called Viscous Cahn—Hilliard model can be found in
[21, B35, B4, 13]. A model with inertial terms has been studied in [24] (see also references
therein), while several different perturbations have been analized in dimension N = 1 in
[42, [43]. Finally, stochastic perturbations of , called Cahn—Hilliard—Cook equations,
can be found in [7, §]. All these reference deal with the case of a bounded domain.

Concerning unbounded domains, in [9] the author considered the viscous Cahn—Hilliard
model in a chanel like unbounded domain in dimensions N = 2, 3. Using weighted spaces it
was proved that the model has a finite dimensional attractor.

In [18] the authors considered in RY the viscous Cahn-Hilliard model in the Sobolev
space HY(RY), and under some growth and smoothness restrictions on the nonlinear term,
proved the existence of an attractor. These results include the case of a nonlinear dissipative
modification of ; see Subsection . Some extension for N > 3 was also developed in
[19].

To the best of our knowledge the results in [I8, [19] and [10, 33, 20] mentioned above
are the only ones in which the asymptotic behavior of (or some close variant of it), is
studied in an unbounded domain. This is probably due to the fact that does not have
a strong dissipative character as we show below.

As it is costumary in problems in unbounded domains, the key for a dissipative mechanism
relies on the ability of the solutions to become compact for large times. In the case of bounded
domains the smoothing effect on the solutions is enough to guarantee such compactness but
this is not longer true in unbounded ones. In the case of reaction—diffusion equations in
unbounded domains, see below, it was shown in [4] that both diffusion and reaction
must collaborate in order to produce the compactness needed. Similar results for fourth
order problems of the form

uy + A%u = f(z,u), t>0, zcRY

have been obtained in [I7], for which the results resemble pretty much those for (|1.4)).
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However, as we show below, this sort of collaboration between the second order nonlinear
term and the fourth order linear part in is not strong enough as for the reaction diffusion
case . This difficulty in can be overcome using suitable weighted spaces in which
the linear part of has compact resolvent which is enough to gain compactness for the
solutions of the evolution problem.

However a natural space for is the space H'(R") since under some mild assumptions
on f the energy functional £ : H'(RY) — R defined by

Bu) = %/RN |Vu|2—/RN Flz,u). (1.3)

where F(x,u) fo (x, s)ds, is decreasing along the solutions of

Therefore here we complete some of the previous analysis in several directions. After
discussing local and global existence of solutions in H*(RY), we show a weak form of dis-
sipativity of by showing that each individual solution somehow approaches the set of
equilibria as time goes to infinity. Despite this fact, we also show that strong dissipativity
(more precisely, asymptotic compactness in the sense of [31]) can not be in general expected.
This stems from the fact that for linear equations (i.e. when f(x,u) is replaced by a linear
term in u) the spectrum of the elliptic operator always contains zero and therefore solutions
of the linear parabolic equation do not converge exponentially to zero.

Then we consider two types of perturbations of for which the resulting solutions are
asymptotically compact. First, following ideas in [I8], we consider a nonlinear perturbation
of but in a less restrictive setting than in that reference. Second we consider a small
linear dissipative perturbation of . In both cases we show that for the resulting equations
the dissipative mechanism is strong enough to obtain the missing compactness in (|L.1]).

In our approach we focus on a strong parallelism between and another archetypical
model for patter formation, namely, the so called Cahn-Allen or reaction diffusion model

—Au= f(z,u), t>0, xR (1.4)

For example, both models and share the same energy functional , which
acts as a Lyapunov functional for solutions, that is, the energy decreases with time along
solutions. Also, both equations have the same set of equilibrium solutions which due to
the decreasing energy, play an important role in the behavior of all solutions. At the level
of existence of solutions, the growth allowed in the nonlinear terms is the same in both
equations see Theorem and [4]. Also the dissipative mechanism that we consider in this
paper for (|L.1} , see . 1- . , is pretty much the same as for , see [4], with
small Varlatlons of the parameters, due to specific conditions for both problems. A crucial
difference between both models however, stems from the fact that for the maximum
principle applies, but not for , combined with the fact that, as mentioned above, for
linear equations, no exponential decay of solutions can be achieved. This explains why the
dissipative character of is much stronger than that of .
For the nonlinear term we wil assume the general form

f(z,u) = g(x) + m(x)u —i—3f0(:c,u), reRY, ueR, (1.5)



with

0
Jfo(x,0) =0, 6—f°(x,0) =0, z € RY, (1.6)
u
fo:RY x R — R locally Lipschitz in u € R uniformly for z € RY, (1.7)
N
m € L7(RY), max{g, 1} <r < oo, (1.8)
and

g € LP(RY) for some 1 < p < oo, (1.9)

where the above space L;(RY) is defined, for 1 < r < oo, as

r def r
Ly(RY) = {9 € Lioo(RY) : [|9l] 1y, ) = sup 6]l -5 < o}

yeRN

(see [5, 28] and note that L (RY) := L>®(RY)).
Sometimes we will also assume some growth restriction of the form

| fol,ur) = folw,us)| < clur — uz|(1+ [ua]*™" + |ua|*™"), w1, uz € R, (1.10)

for some suitable p > 1 and ¢ > 0.

For the functional setting we will consider the Bessel potential spaces, which we generically
denote HY(RY), (see [41]). When p = 2 we will denote these spaces as H*(R"), which are
Hilbert spaces.

The paper is organized as follows. First, in Section [2| we show that can be solved
locally in time for initial data in Bessel potential spaces H; (RY). This requires some re-
strictions in p in (1.10). The particular case of p = 2, i.e. of initial data in H'(R™) is also
stated.

Then in Sectio under suitable dissipativity assumptions on f, see f we prove
that the energy ((1.3) provides a good estimate of the H'(R") norm of the solutions.

With this estimate in Section 4| we prove the solutions of are global in time and
exploit to obtain some preliminary information on the set of equilibria. Also, we show
that in general, asymptotic compactness for can not be expected.

Then in Section [5| we obtain stronger estimates on the solutions in spaces HI} (RY). In
Section@we prove that each individual solution in H!(R"), approaches to the set of equilibria
in H (RY) for any s < 2. Some examples of prototypical classes of nonlinearities are
considered in Section

In Section [8 we introduce some perturbations in the original Cahn—Hilliard equation ([1.1])—
(1.2) in such a way that the perturbed semigroup is asymptotically compact and therefore
has a global attractor. The goal is then to understand possible mechanisms that make the
equation dissipative. We consider first in Subsection [8.1] a nonlinear dissipative perturbation
in a similar way as in [I8] but with much less growth and regularity restrictions. Then
in Subsection we consider a small linear perturbation. In both cases we show that for
the resulting equations the dissipative mechanism is strong enough to obtain the missing
compactness in .

Some of the crucial technical results needed in this paper have been collected in two

Appendixes. First, Appendix [A] contains several results for linear operators of the form
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(—A)* + C(x)I, with k = 1,2, and suitable potential C'(z). Appendix [Bf contains the proof
of local existence of solutions invoked in Section 2

Acknowledgment. This work was carried out while the first author visited Departamento
de Matematica Aplicada, Universidad Complutense de Madrid. He wishes to acknowledge
hospitality of the people from this Institution.

2. LOCAL WELL POSEDNESS IN H(R")

Our concern in this Section are local solutions of (1.1)-(1.2), where ug € H)(R") for some
1 <p<oo.

Theorem 2.1. Assume 7(@. Then the problem — 15 locally well posed in
H)(RY), provided that either
(i) 1>T>% -1,
(i) 1 = % and (1.10) holds with some 1 < p < 00,
(i) 1 << and (1.10) holds with some 1 < p < pe:= F=b =1+ =

The proof of Theoremis based on the analytic semigroup approach as in [26]. Actually,
since we deal with critical exponents, some extension of this approach, developed in [2] [3],
will be used. For details see Appendix Note however that the growth allowed in the
nonlinear term in Theorem is the same as for the reaction diffusion equation (|1.4)); see
Proposition [4.5] below.

Remark 2.2. i) The solution u through ug € H)(RY) can be continued onto the mazimal
interval of existence [0, T,,) and satisfies

u € C([0,m), Hy(RY)) N C((0,70), H;” P(RY)) N CH((0, ), Hy(RY)), (2.1)
for s < 283*(p), where Ny
G(p) =1+ (2—p - 2_7")_

and a_ denotes the negative part of a € R.

ii) The equation in holds as uy = —A(Au+ f(-,u)) as an equality in Hi(ﬁ*‘p)‘”(RN).
Notice that 5*(p) < 1 if r < p and 5*(p) = 1 if r > p. In the latter case the equation actually
holds in L?(RY) and for each t >0, Au+ f(-,u) € H(R").

iii) On the other hand the solution u satisfies the variation of constants formula

u(t) = e’AQtuo —i—/o eiAQ(tfs)(—A)(f(yu(s)))ds, t €10, 7), (2.2)

or, equivalently,

u(t) = e g + /O (=A)e 2 (£ u(s)))ds, t €[0,7). (2.3)

i) Concerning the mazimal interval of existence [0, T,,), whenever p < p. we have that

Tuy < 00 implies limsup [[u(t) | my vy = oo
t—>7'u_0
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Thus, for p < p., an H; (RN)-estimate of the solution on finite time intervals is sufficient
for the global existence, whereas for p = p. global existence generally follows from an estimate

in a stronger norm; See .

v) Concerning additional smoothing action of the local solution, if p < r, p < p. then for
any 0 < i and R > 0, there ezists to(R) and C(R) such that for any 0 < t < to and uy, 2o
in the ball in H)(RY) of radius R > 0,

£ u(t, o) — ult, 20) | oy < (R — 2oligqamy, ¢t wo)l yoso oy < (). (24)

Due to the lack of maximum principle, in further analysis of the Cahn-Hilliard problem
below we have to rely on some “energy” type estimates of solutions. This is the reason why,
although local existence for — can be done in more general spaces, the asymptotic
behavior will be studied in the H'(RY) setting. For reader’s convenience we summarize
below the results considering the case r > p = 2.

Corollary 2.3. Suppose that — is satisfied with m € Ly,(RY), r > max{%, 1},
r>2, g€ L*RY) and either
(ii) N =2 and (1.10) holds with some 1 < p < oo,

(iii) N > 3 and (1.10) holds with some 1 < p < p, = %—J_rg =1+ NL_Q.

Then, for any ug € HY(RY), there is a unique solution u to — defined on a

mazimal interval of existence [0, 7T,,). Furthermore,
u € C([0,70), H*(RY)) N C((0,70), H*(RY)) N C*((0,70), H*(RY)), s < 2,
Au(t) + f(-,ut)) € H*(RY), t €10,7y,)
and for t € (0,7,,) we have
u + (—A)(—Au — f(z,u)) =0 in L*RY).

Also 1,, < oo implies
limsup ||u(t)|| g1 yy = 00 for p < pe.

t—>’ru_0

Finally, if p < pe and 6 < %, then for any R > 0, there exists to(R) and C(R) such that
for any 0 <t <ty and for any ug, 2o in the ball in HY(RN) of radius R > 0,

t2)|u(t, uo) — ult, zo0) || mrrso@ny < ¢(R)|luo — 2ol mr@ny,  t]lult, uo)|| srvsony < ¢(R). (2.5)

3. H'(RM)-ESTIMATE

In this section we derive H'(R™)-estimate of the solutions of (L.1)~(1.2) in Corollary [2.3]

For this we will need some auxiliary lemmas.

Lemma 3.1. i) Let Py = —A in L*(RY) with domain H*(RY). Then Py : H*(RY) C

L2(RN) — L2(RN) has the inverse Py' defined on the range Po(H*(RY)) with values in

H2(RM).

ii) Since o(Py) = [0,00), then Py is not onto nor Py ' is continuous for the L*>(R™) norm.
6



Proof: If ¢ € H*(R"Y) and Py¢ = 0 then [,y [V¢[* = 0. Hence ¢ is a constant and since
¢ € H*(RY) we infer that ¢ = 0, which proves part i).

For part ii) observe that if P, was onto, by the closed graph theorem Po_l would be
continuous contradicting that 0 € o(F).

Finally, assume that P; ' is continuous. Then there exists ¢ > 0 such that for all u €
H?(RY) we have

[ullz@yy < cllAul| 2@y

Then take a smooth « with norm one in L*(RY) and consider uy(z) = u(Ax), with A > 0 in
the inequality above. Then we get AM2 < cAN/2+2|| Aul| 2 gy, and letting A — 0 we get a
contradiction. O

Note that we can write (|1.1)) as
ug + Po(Pou — f(-,u)) =0. (3.1)

Then Corollary 2.3 implies that u; € Py(H*(R")) and by Lemma [3.1} (3.1) can be written
as

Pytuy — Au = f(-,u). (3.2)
As mentioned in ([1.3)) the functional below is a natural energy for the solutions of (|1.1)
as in Corollary [2.3]

Lemma 3.2. Assume the conditions for local existence as in Corollary[2.3. Then the func-

tional E in ,
1
B(w) = 5 IVulban, ~ [ Flow),
RN

where F(x,u) fo (z,5)ds, is well defined from H'(RY) into R and bounded on bounded
sets of Hl(RN)

Proof: Using the mean value theorem we have

/RN |F(x, ¢)| = /RN |F(z, ¢) — F(x,0)| = /RN 6| f(z,00)]

< [ mllof+ [ lollaw60)+ [ 1ellsl = Ti(6) + Tale) + T,

where § = 6(z) € (0,1). By Lemma functional Z; is well defined and bounded
on bounded subsets of H'(RY). The latter property also holds for Zs, since Zz(p) <
191l L2 r) |8l 2y -

Considering next Z, we need to take into account cases (i)-(iii) in Corollary 2.3 If B is
bounded in H'(RY) and (i) holds then using embedding H*(RY) < L>(RY) there is an
interval [—r,7] containing the set {¢(z), © € RY, ¢ € B}. Choosing a Lipschitz constant
L, for fo(x,s) with s € [—r, 7] we then have Zy(¢ ) < L,||¢]32 () Which gives the result. If
(ii) or (iii) holds, then Zo(¢) < c([[@]172gn + 18117541 zx))- Using the embedding H'(RY) C

LPTY(RYN) where p is arbitrary large in the case (ii) and p < %2 in the case (iii) we conclude

that there exists a positive constant c¢p such that |Zy(¢)| < cB for any ¢ € B. O
7



In what follows we will assume a structure condition

vf(z,v) < C(z)v?*+ D(x)lv], = e€RY, veR, (3.3)

where

s N 2N .
0<DeLl’RY), max{l, ——=}<s<2 (s>1if N=2), (3.4)
N +2
and
T N N

CeLi(RY), r> max{;, 1}. (3.5)

We will also assume that the solutions of the linear problem

(3.6)

uy = Au+ C(z)u, t >0, v € RV,
u(0) = up € L(RY)

are exponentially decaying as ¢t — oo. Note that this happens if and only if there is a certain
wp > 0 such that

[ 1998 = Cl)6? = ol om,

for all ¢ € H'(RY); see (A.2) in Appendix .

Remark 3.3. Observe that implies |g(z)| < D(x). Thus, if g is as in Corollary[2.5
then implies that g € LY(RY) for every q € [s,2].

Without going into full details, we merely mention that one can avoid this condition on g,
by assuming in that D decomposes into Dy + Dy, where Dy € L¥(RY), max{l, ]\2,—12} <
s<2(s>1if N=2)and Dy € L*(RY), which will not change the results below in any
essential way.

Then we have the following additional properties of the energy in Lemma [3.2

Lemma 3.4. Besides the conditions of Lemma assume also the structure condition
with C(), D) satisfying (B)-29)

Then, there are positive constants ¢y, co such that
ol 7 @ry < 1 E(9) +c2y ¢ € H'(RY). (3.7)
Proof: As a consequence of we have
F(z,0) < %C’(x)02 + D(2)|0], = € RY, § € R, (3.8)
and hence

2E(9) > / |vop - / O 2 / D@)l6, 6 € H(RY).

Now observe that if s’ denotes the conjugate exponent to s, we have the embedding

HY(RY) — L*(RY). Then using Holder inequality and taking into account that the norm
8



| @l g2 (rvy can be bounded by c(||V || 2@y + | @] L2@yy), we get for any v > 0
266) 2 [ [VoP - [ Clye? -~ 2D
RN RN

2 2_4_62
> [ 1veP = [ e -2

= Z|vel?2 L= )Vl - Cla)d?) - < )2 2Nl
= SI0lExam + [ (1= 1)IVO = C@)) = DI am, = 16l

By assumption (3.6)), (A.2)) holds for some wy > 0 and applying Lemma i) with v > 0
chosen so small that w(v) > v we obtain

Ls(RN) ”¢||LS'(RN)

1%
To@N) §<HV¢H%2(RN) + (161172 @)

v v 4c?
2B(¢) > §HV¢H%2(RN) + (w(v) - §)H¢Hi2(m) - THD

2
Ls(RN)

v 4¢?
> 5 (IVollza@y) + 161 72@) — —IID
which completes the proof. U

Using Lemma we will next show that the solution of (1.1)—(1.2]), as in Corollary ,
can be estimated in H'(R") uniformly for ¢ > 0 and for ug in bounded sets of H'(RY).

Lemma 3.5. i) If u is a solution of — as in Corollary then as long as the
solution exists we have that u, € Py(H*(RY)), thus Py 'u, is defined as in Lemma and

d _ _
— B(u(t)) = —(Py "up, we) paey = = | V(B w) [ Tory = =V (Au + f (2, 0))l[72@x).-

dt
(3.9)
ii) Assume the conditions for local existence as in Corollary . Suppose also that the
assumptions of Lemma are satisfied.

Then local solution u of — through ug € HY(RY), as long as it exists, satisfies the

estimate

2
Ls(RNY)»

[u() | F1@ny < lB(u(t)) + o < e E(ug) + s, (3.10)

where c1, ¢y are certain positive constants. Furthermore, E(u(t)) is a decreasing function of
t and

E(u(t)) — B(u(s)) = — / V(25 ) gy = — / IV (A + £, 1) 2o,

<Eu)+2,  t>s5>0, upc H'(RY).
&1

Proof: i) Note that from Corollary 2.3} uy, A(Au + f(-,u)) € L2 (RY) and Au + f(-,u) €
H?(RY). Thus, we multiply the left hand side of (3.2) by u; and the right hand side by
A(Au—+ f(-,u)) = u, and integrate in RY, to get (Py g, wy) 2@y = (Au+ f(z,u), A(Au+
f(z, 1)) r2my). Writing now (Py tuy, Ug) [2(RN) AS (Py tuy, APo_lut>L2(RN) and integrating by
parts we get (3.9).
ii) Using (3.9) we have that E(u(t)) is non increasing and

B(ult) < Bluo), (312)

9
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and (3.10) follows from (3.7) and 1 Flnally, . ' ensures that E(u(s)) > —2 and
(3.11f) is a consequence of 3.9) and ( O

4. GLOBAL SOLUTIONS AND EQUILIBRIA IN H'(RY)

In this section our concern is proving that solutions of —, where ug € H'(RY),
given in Corollary are globally defined in time. We also derive some properties of the
equilibria, i.e. stationary solutions. For this we will only consider hereafter subcritical cases
p<p:.if N>3.

4.1. Semigroup of solutions in H'(R"™). Due to the continuation properties stated in
Corollary the following result is an immediate consequence of the H!(RY)-estimate in
Section B

Corollary 4.1. Assume the conditions in Corollary where if N > 3, we assume in
addition that p < p.. Suppose also that the assumptions of Lemma are satisfied.

Then the local solution of (-/ (-) through vy € H*(RY) as in Corollary (2.9, exists
globally in time. Consequently, there is a C° semigroup associated to (w (-) m H1 (RM)
defined as

S(t)ug = u(t;ug), t >0, ug € H'(RY),
and {S(t) : t > 0} has bounded orbits of bounded sets.

Remark 4.2. Note that the above does not apply in the critical case, N > 3 and p = p.,
which requires a stronger estimate on the solution.

On the other hand note that Lemma [3.5]leads to the following conclusion.

Corollary 4.3. The energy functional in 1s a Lyapunov function for the semigroup

{S(t) : t > 0} from Corollary[4.1; that is,
(i) E: HY(RY) — R is bounded below,

(ii) E(uo) — 00 as |[ugl| g1 wyy — 00,

(iii) E(S(t)ug) is nonincreasing in t for each ug € H'(RY),

(iv) if ug € H'(RY) is such that S(t)uq is defined for allt € R and E(S(t)uy) = E(up)
fort € R then ug is a stationary solution (or equilibrium point), i.e. S(t)ug = ug for
t>0.

Proof: Note that (i) and (ii) follow from (3.7) while (iii) follows from (3.9). For (iv), if
E(S(t)ug) is constant for ¢ > 0, then from (3.11)), u; = 0 and thus u(t) = ug for allt > 0. O

Consider now the set £ C H'(RY) of all stationary solutions of (1.1)-(1.2)), that is uy €
H'(RY) such that the corresponding solution as in Corollary [2.3[ is constant in time, i.e.
S(t)ug = u(t;ug) = ug, t > 0. Then we have

Proposition 4.4. Under the assumption of Corollary[{.1] the set £, consists of the elements
of H*(RY) that satisfy
—Au= f(z,u), zecR".

Moreover, € is bounded in H'(RY).
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Proof: If u € &, then by Corollary u e H*(RY), Au+ f(z,u) € H*(RY) and A(Au +
f(z,u)) = 0in LARY). Thus, & C H*(RY) and by Lemma 3.1, Au + f(z,u) = 0.

Now we prove £ is bounded in H*(RY). For this we multiply both sides of —Au = f(z,u)
by u in L*(RY) and use the structure condition to get, for any 0 < v < 1,

v / (VP / (= )IVuP —C@pt) < [ D)l

RN

Since C(+), D(-) satisfy (3.4)-(3.6), by Theorem iv), Lemmal[A.4 and Hélder’s inequality,

we have
y/ |Vu|2+w(y)/ u? < ||D|
RN RN

Since s is defined in (3.4), we have H*(RY) < L*(RY) and then we obtain

2
v [ Vi) [ < Sl
RN RN v

Note that choosing v > 0 small enough we have w(v) > v which allows us to conclude that

LS(RN)HU| L' (RN

v
Tomn) + §(HVUH%2(RN) + JlullZ2@ny)-

v 2 2 v 2 v 2 ¢ 2
s vl [ < [ vt o) - 5) [ et < SIDIE g,
2 RN RN 2 RN 2 RN 1%

and the proof is complete. O

As noted in the Introduction and as can be seen from Proposition [4.4] equilibria of the
Cahn—Hilliard equation ([1.1)) coincide with equilibria of the Cahn—-Allen equation ({1.4)).
Therefore some of their properties of the former can be obtained from the latter. Below
we summarize some properties of the reaction diffusion equation and its equilibria.

Proposition 4.5. Under the same assumptions of Corollary[{.1] the reaction diffusion equa-
tion
w — Au= f(z,u), t >0, 2 € RY,

u(0) = ug € H'(RY), (41

defines a semigroup {S(t), t >0} in H'(RY) and is also a Lyapunov functional for
{S(t), t > 0}.
Furthermore, assume that in we have, instead of ,

2N
o(mN smN
DEL(R )ﬂL(R ), 0'>N/2, maX{l,N—H}SSSQ.

Then, this semigroup is asymptotically compact and therefore, & is nonempty and there is
even a compact global attractor A for {S(t), t > 0} in H'(RY).

Moreover, there are two ordered extremal equilibria ¢,,, oar in HY(RN), minimal and maz-
imal respectively, so that any equilibrium v in H*(RYN) satisfies

om(z) <Y(x) < ou(z), zeRY.
11



Proof: Local existence of solutions follows as in [4, Theorem 3.1].

Multiplying by u; in L2(RY) it is easy to see that the energy is also a Lyapunov
functional for the solutions of . Hence, from Lemma , we obtain H'(RY) estimates
on the local solutions, which, using that p < p. implies that the solution are global and we
have a well defined semigroup {S(t) : t > 0}.

With the additional assumptions on D, asymptotic compactness follows as in [4, Theo-
rem 5.1-Theorem 5.5], while the existence of extremal equilibria follows as in [39, Theorem
3.1]. OJ

Observe that after Corollary and Proposition , the results in [31] would conclude
the existence of a global attractor for (1.1)-(L.2) provided the semigroup {S(t) : ¢t > 0} from
Corollary [4.1|is asymptotically compact in H!(RY).

However we show below that this property is not expected to hold in general.

4.2. Lack of asymptotic compactness. For reaction diffusion equations in un-
bounded domains, the dissipative mechanism is based on a suitable cooperation of the linear
and nonlinear parts of the equation, where a major role in this is played by structure condi-
tions of the type (3.3)—(3.6), see e.g. [4] and [17].

However in what follows we show for — that no asymptotic compactness can be
expected in general.

Proposition 4.6. A linear map f(z,u) = —cu, with € > 0, satisfies (3.3)-(3.6]) but there is
no global attractor for

w+ A*u—cAu=0, t>0, vrcRY (4.2)
Consequently, the corresponding linear semigroup is not asymptotically compact.

Proof: If for a certain ¢ > 0 the linear semigroup {7'(t) : t > 0} associated with has a
global attractor in, let us say H'(R”), then it has a global attractor also in L?(R") because
of the smoothing effect.

On the other hand, the attractor reduces to the single equilibrium {0}. To see this,
just note that for (4.2) we have &€ = {0} and, using the Lyapunov functional E(u) =
%(HVUH%Q(RN) +€||u||%2(RN)), a complete orbit v(ug) = {T'(t)uo, t € R} lying on the attractor
must be forward and backward in time convergent to zero. Then the Lyapunov functional
is constant along this orbit which proves that such the orbit coincides with {0}.

Hence, if the global attractor exists for (4.2)), then A = {0} and must attract bounded
sets, in particular the unit sphere, so that

t—o00

T ce@yy = sup || T(t)uol| 2@yy — 0.

ol 2y =1

From this we infer that the spectral radius r(T'(t)) "=5° 0. Since the spectral radius r(T(t)) is
equal to e7“°!, where the ‘growth bound’ wy coincides with the ‘bottom spectrum bound’ of
the generator of {T'(t) : t > 0} (see [22, Proposition IV.2.2 and Corollary IV.3.12]), we thus

have that wy > 0, and that Reo (A% —eA) is strictly positive. Consequently, for ¢ € H2(RY),
12



|0 r2(rx is bounded by a multiple of ||(A% — €A)%¢‘|L2(RN) and

19172y < c(lAGII72eny — £(AD, §) 1))
2 e’c? 2 Lo 2N
< C||A¢||L2(RN) + T||A¢||L2(RN) + §||¢||L2(RN)7 ¢ € H (R™).

But this implies that ||¢||,2®~y is bounded by a multiple of ||Ag||2g~), which implies Py !
is continuous and contradicts part ii) in Lemma (3.1}

In particular, the semigroup associated to (4.2)) cannot be asymptotically compact. If it
was, since it has bounded orbits of bounded sets, one-point set of equilibria and a Lyapunov
function, then it would have a global attractor, see [31]. O

5. UNIFORM BOOTSTRAPPING: SMOOTHING ACTION OF THE NONLINEAR SEMIGROUP

In this section we obtain estimates of the solution of (1.1)-(1.2) through uy € H'(RY)
in stronger norms than in H'(RY), see (3.10). Our approach is based on the smoothing
properties of the semigroup in Corollary

5.1. H*(RY)-estimate away from ¢t = 0. We start with the following lemma which states
that the solution of (1.1)-(1.2)) is bounded in H*(R"), s < 2, uniformly on unbounded time
intervals away from ¢ = 0 and for ug in bounded subsets of H!(RY).

Lemma 5.1. Let {S(t) : t > 0} be the semigroup from Corollary[4.1

Then, for each t > 0 and s < 2, S(t) maps bounded sets of H'(RY™) into bounded sets
of H*(RY). Consequently, positive orbits of bounded subsets of H'(RY) are immediately
bounded in H*(RN) for any s < 2.

In particular the set of equilibria € is bounded in H*(RY™) for any s < 2.

Proof: Take uy in arbitrarily fixed ball B in H'(RY). Then by Corollary , the orbit
{S(t)ug, ug € B, t > 0} is bounded in H'(R") and so it remains inside a ball in H'(R") of
radius R > 0 for some R.

Now note that from (2.5)), for any 6 < 1 and for any vy in the ball in H*(R") of radius
R > 0, there exists ty = to(R) such that for any 0 < t < ¢, we have

1S (#)vol| mvao @y < ¢(R).
Therefore, for any 6 < % and vy as above, we have

15 (to)voll a0 zny < C(R).
In particular, taking vy = S(t)ug with ¢ > 0 and uy € B we get that the set {S(t)ug, ug €
B, t >ty > 0} is bounded in H'**(RY), for any § < 1. In particular the set of equilibria

is bounded in H'**(R"), for any 6 < i. Also observe that tg above can be chosen as small
as we want.

g

We now strengthen the result of Lemma [5.1] as follows.
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Lemma 5.2. Let {S(t) : t > 0} be the semigroup from Corollary[4.1]

Then, for each t > 0, S(t) maps bounded sets of H'(RY) into bounded sets of H*(RY).
Consequently, positive orbits of bounded subsets of HY(RY) are immediately bounded in
H?(RY).

Proof: If B is bounded in H'(RY) and ¢ > 0 then for any § € (0,¢), by Lemma [5.1]
S(t — 6)B is bounded in H™(R") for any # < 1. On the other hand, from the proof of
Theoremin the Appendix , the nonlinear term A(f(-,w)) in (1.1]) is Lipschitz continuous
on bounded sets from H!'™(RY) into H2(RY), for some g which is less although close to
}1. Thus, using Remark i) of Appendix and applying Theorem 5 in [12], we observe
that S(0) takes bounded subsets of H!™¥(RY) into bounded subsets of H%(RY). Hence
S(t)B = S(8)(S(t — 0)B) is bounded in H?(RY).

Note that Theorem 5 in [I2] applies because in the above scenario A? is a sectorial
operator in the space X = H~2(RV) (see Theorem [A.2), whereas the nonlinear term

A(f(-,w)) is Lipschitz continuous map from the fractional power space X 15 = H1+4(RN)
1

into X = H2(RY) (in terms of the scale from Theorem |A.2| we have H 2(RY) = E, 2(2)

and H'™E(RN) = EL°(2)). O

The result in Lemma [5.2| can be rephrased as follows.

Corollary 5.3. Under the assumptions of Comllary the solutions u(-,uo) of -

through ug € HY(RY) are bounded in H*(R™) uniformly on unbounded time intervals away
from zero and for ugy in bounded subsets of H'(RY).
In particular, the set of equilibria, &, is bounded in H*(RY).

On the other hand we also obtain the following conclusion.

Corollary 5.4. Under the assumptions of Corollary[{.1} if u(t) = u(t,uo) is the solution of
(1:1)-(1.9) through uoy € H'(RN) then both Au and f(-,u) are bounded in L*(RN) uniformly
on unbounded time intervals away from zero and for ug in bounded subsets of H'(RY).

Proof: We evidently have that ||[Aul|2@yy < [Jullg2@yy. Hence it is sufficient to prove
boundedness of || f(-, u)|2®n).

First observe that if N < 3, we have H?(RY) C L>(R") and thus, because of the H*(R")
estimate in Lemma [5.2

v1E0>0 EIao>0 v252t0>0 vxERN ‘U’(tv LU)| S aop-

Choosing then a Lipschitz constant Lo for fy(x, s) uniform for € RY and s € [—ay, ag] we
get

[ fo(s u)l 2@y = [ fo( u®)) = fol+, 0)[|2@ny < Lollu(®)|| 2@y
Now if N > 4, using decomposition fo = fo1 + fo2 as in Lemma [B.I] we obtain
[ foa (5 u(®)) |2y = [ foz (-, u(®)) = foa (-, 0) |2y < ell[u(®)]’ [l 2y = cllu(®)]|]20 @y

(5.1)
14



From Sobolev embeddings H*(RY) — L*(RY) for any p € (1,00) if N =4 and for p < &
if N > 4, which hold by the growth assumptions in Corollary [2.3} E Hence from (5.1 we get

[ for (s u()) | 2y < cllu(®)]|f gny-
On the other hand for fy;, due to (B.3)), we have
Vio>0 350 Viste || for (5 w(®) | 2@yy = [ for (5 u(®)) — for (5 0) || 2ny < Lllu(®) || 2wy

Recalling ([1.5), we now need to ensure boundedness of |[mu(t)|| 2r~). For this we refer
to Lemma which, due to the assumption that r > 2, r > max{%, 1}, we apply here with
k=1and =0 to get

[mu(@)]2@yy < lmllzy @ |u@)]] g2e @y,

for any o < 1 close enough to 1.

From all the above it is clear that, whenever ¢, > 0 and B bounded in H*(RY), there is
a constant C' > 0 independent of ¢t > ¢o and ug € B such that || f(-,u(t))| 2@~y < C for all
t > to. O

5.2. Estimates in HZ(RY) with p > 2, away from ¢ = 0. In Subsection [5.1] we assumed
that ¢ in is in L2(RY). With further assumption on g the bootstrapping procedure
allows us to obtain uniform bounds on the solutions in some other Bessel potentials spaces,
which depend as well on the local integrability properties of the ‘potential’ term m. Note
that the results below use a combination of both Hilbert space techniques, that gives us
an ‘energy’ estimate, and Banach space techniques, which enables to better exhibit uniform
smoothing properties of the nonlinear semigroup. For similar results, see [27].

Lemma 5.5. If besides the assumptions of Corollary[{.1) we have that
g € LYRY) for some 2 < q < o0,

then, for any 2 < p < min{r,q}, the solutions u(-,uy) of - through uy € H(RY)
are bounded in Hz(RN ) uniformly on unbounded time intervals away from t =0 and for ug
in bounded subsets of H*(RY).

Proof: Note that, by assumption, g belongs to L*(RY) for every s € [2,q]. Also let py := 2.

If po = min{r, ¢} then the results follows from Lemma .

Thus assume that py < min{r, ¢} and choose any 7 > 0 and B bounded in H;o (RM).
From Lemma 5.2 we have that S(7)y"(B) is bounded in H) (RY) — H} (RY), where either
P = ]\],Vfgo > po if N > pyg, or py is arbitrary from the interval [pg, 0o) if N < py.

When p; < min{r, g} we can restart the solutions using Theorem with p = p; > po.

Then, using , analogously as in the proof of Lemma we ensure that for each suffi-
ciently small 7 the set S(7+47)y"(B) is bounded in H} (R"Y) whenever s < 2. Consequently,
using Remark i) of Appendix [B| and [I2, Theorem 5], we deduce similarly as in the
proof of Lemma [5.2| that for each sufficiently small 7 the set S(7 + 7 + 7)y"(B) is bounded
in A2 (RY) — H} (RY), where p; = ]év—p if N > py, or py is any number from [p;,00) if
N < pr.
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When py < min{r, ¢} we repeat the above procedure, which actually can be carried out as
long as we get pp < min{r, q}. As for the values py,...,px, they will all satisfy the relation

_ Npp—
Pk = N—p,—, ~ Po-
Actually, since py, is strictly increasing with respect to k, there exists a certain ky > 1 such

that pg, > min{r, q} > p,—1. Otherwise the sequence {p;} would have a limit p* satisfying

Np* . .. .
P =% _”p*, which is impossible.

Consequently, choosing any p € [2, min{r,q}] and proceeding as above, we ‘reach’ the
bound in H2(R") in a finite number of steps. O

6. CONVERGENCE TO EQUILIBRIA

In this section we prove that even without the asymptotic compactness for the solutions
of (L.1)-(L.2), see Subsection [4.2] still there is a week form of dissipation in the equation
that makes individual solutions to approach equilibria. More precisely, we have

Theorem 6.1. Let {S(t) : t > 0} be the semigroup in H'(R™) from Corollary[4.1]
Then the set of equilibria € is nonempty and for each ug € H'(RYN) and any sequence
t, — 00, there is a subsequence {t,, } and an equilibrium ¢ € &, such that as k — oo,

u(ty,) — ¢ in Hi (RY) and in H;(]RN) for any s < 2

where the weight is given by ¢(x) = (1 + |z|*)™ with v > .
Furthermore, as in Proposition assume that in we have, instead of ,

2N
De LRY)NL*RY), o> N/2, max{l, m} <s<2.

Then
i) There are two ordered extremal equilibria @,y in HY(RY), minimal and mazimal re-
spectively, so that any equilibrium 1 in H'(RY) satisfies

pm(z) < P(x) < u(), = €RY,

i) The order interval [om, pn|m vy attracts ‘pointwise asymptotic dynamics’ of mn
the sense that for each ug € H'(RY) and any sequence t,, — oo, there is a subsequence {t,, }
such that

Pm(r) < lim w(ty,, 2 u0) < pu()

k—o0

for a.e. x € R.

Proof: Note that once the first statement is proved, under the additional assumptions on
D(z), Proposition {4.5| allows to prove parts i) and ii).

We thus focus on the proof of statement about the convergence to equilibria, which re-
sembles [6], §3.5].

Let us fix ug € HY(RY) and a sequence of times ¢,, — oo. Let also u be the solution of
through ug. Our goal is to show that {u(t,)} has a subsequence convergent to equilibrium.
This will be proved in two steps. First we will define some auxiliary sequence ¢, and prove
that this property holds for {u(#,)}. After this is done we will transfer this information to

the sequence {u(t,)}.
16



Step 1. Let us define an auxiliary sequence #, such that {u(t,)} will possess a subsequence
convergent to equilibrium.

From 1) we have [[°||V(Au+ f(z, u))||i2(RN) dt < oo which implies that

N|=

tn—
/ IV (Au + f(x,u))H%Q(RN) dt — 0 as n — oc.
t

-1
n
Hence, we can assume that for some sequence

- 1
tn € [tn—l,tn—é], n €N (6.1)
we have
VG| 2@y — 0 as n — oo (6.2)
where G,, = Au(t,)+ I, u(t,)). Also from Corollarythis sequence is bounded in L?(R¥).

Using again that u(t,) is bounded in H?*(RY), taking subsequences if necessary, we can
assume that there exists ¢ € H?(R") such that
u(t,) — ¢, weakly in H*(RY), H'(R") and L*(RY),
Au(t,) — A, f(-,u(t,)) — F, weakly in L*(RY),
G, — Ap+ F weakly in H'(RY)
for some F' € L?(RY). This and (6.2)) implies that V(Ap+F) = 0 and since Ap+F € L?(RY)
we get
Ap+ F =0.

Now fix the ball B(0, R) in RY and use that u(Z,) is bounded in H*(B(0, R)) and therefore
for any subsequence of t, and for any s < 2, there is another subsequence, that we denote
tn, such that u(t,) — ¢ in H*(B(0, R)). Since the limit is always ¢, independent of the
subsequence t,/, we get in fact that

u(t,) — ¢ in H*(B(0, R)).

In particular, taking a subsequence if necessary, we can assume u(t,) — ¢ a.e. in B(0, R)
and therefore, by the assumptions on f, we have

fC u(tn)) — f(,¢) ae in B(0,R)
for any R > 0. Hence we use f(-,u(t,)) — F weakly in L2(R") and Lemma 4.8 in [29] to
obtain that F' = f(-, ) in B(0, R) for any R > 0.
In summary
u(t,) — ¢ in Hj (RY) (6.3)
with Ap + f(-, ) = 0 in RY and ¢ € H?(RY). That is ¢ € &.

Step 2. Observe that in local convergence is obtained for (a subsequence of) the
sequence in . Now we show that this information can be transfered to the original
sequence t,. For this we set the solution of f in a larger weighted space, in which
we can use the variation of constants formula. Hence we will now show that, from and
(6.3)), whenever s < 2, we have
u(t,) — ¢ in H(‘;(RN)
17



o(z) = (14 |z|*)™ and v > 2.
Define 7, = t,, — t,, which, from (/6.1)),

Then observe that
u(ty) — @ = u(tn, u(ty)) — ¢, (6.4)
Also, due to compactness of the embedding of H*(R") into the weighted space LZ(R"),
where ¢(z) = (1 + |2]?)"2 and v > & (see []), there is a subsequence of {u(%,)}, which for
simplicity of the notation we will again denote {u(%,)}, such that
u(t,) — ¢ in Li(RN). (6.5)
Now we rewrite ([L.1)) as
up + A%u — A(f (- u) + 2X0u) + Ao (f (- u) + Aou) = 0
with A = —A + \gI for some )y > 0 and use initial data

ugn = u(ty), (6.6)

so using the corresponding variation of constants formula, the solution wu,(t) = u(t, uo,)
reads

Un(t) = e tug,, + /0 eI (A(F (- uls)) + 200u(s)) — Ao(F(,u(s)) + Aou(s)))ds.

Also, since ¢ is an equilibrium,

p=ec "o+ /0 eI (AF( 0) + 2009) = Xo(f (%) + Aow) ) ds,

and we get, after some manipulation,

o 67A2t<

un(t) — ¢ Ugy, — @)

+ [ A un(9) = s + 200 [ A, (s) = s (g

— Ao/o e EI(f(un(s)) = f(0)ds A%/ e M (uy(5) — @)ds.

0

Note that A = —A 4 Ao is sectorial in L3(R™) (see [5]) and that we have a freedom to
choose Ag > 0 such that for the spectrum in L (RY) we have Re(a(—A + AoI)) > 0. Also
note that the square of this operator, B = A?, is also sectorial in LZ(R") (see [30]). In fact,
due to [5, Theorem 5.1 and Proposition 5.1], A in L3(RY) is of type (w, M) in the sense of
[30] for arbitrarily small positive w. The results in [30] now imply that B = A% in LZ(R")
will be of type (&, M) with & = 2w, thus with & € (0,%), so that B = A% in L2(RY) is a
sectorial operator as in [26].

Hence —B generates a C* analytic semigroup {e~"": ¢ > 0} in L(R") satisfying

||€_Bt||£(L§>(RN)) <M, tel0,1], (6.8)
18



and
B P <M 0,1 6.9
| B%e HL(L%(RN)) S o t € (0,1]. (6.9)
On the other hand, from the results of [30] we also have
BY=A* a>0, (6.10)

(see also [15] (1.3.49)]). In particular A = B'/2,
On the other hand, [5, Theorem 5.1] ensures that for any s € (0,1), the norm ||AS’U||L§>(RN)

is equivalent to ||¢%v||st(RN). Hence, from (6.10) we get that ||Bav||L§>(RN) is equivalent to

20| e ®v) for v € (0, 1) and in what follows we will use the equality of norms

1 1
||BOCU||L3>(RN) = ||¢2U||H4Q(RN)7 o€ (0, —). (611)

2
Hence, using (6.10) with o = 3 we rewrite (6.7) as

un(t) — o = e P (ug, — )

+/0 Bae PO (f (- un(s)) — (-, 9))ds + 2%/0 B2e P07 (u, (s) — o) ds
Y /0 e~ B (£( un(s)) — f(-0))ds — A2 /D B9 (1, (5) — p)ds.
(6.12)

We will now use , and l} to estimate ||B*(u,(t) — g0)||Li(RN) with any « €

(0,1) and ¢ € (0,1], as follows

N M
1B (n(6) = £)l 30, < 7o on — Pl3 e

¢ M t M
+ [ o) = S s+ 20 [ o

(t — s)%+a Tia [[un(s) — SOHLi(RN)dS

t M ' M
o [ E () = S zds 4 [ (t_s)anun(s)—gon%(m)és.lg)

If N <3 from the bounds in H?(R") we have
Vizio>0 Vaern |u(l, )], [p(2)] < ao.
and choosing Lipschitz constant L for fy(z,s) with s € [—ag, ag] we get
1fo(sun(5)) = fols @)z @v) < Lllun(s) = @llrz@v) < el B (un(s) = ¢)llzz@v).
If N > 4 we use the decomposition fy = fo1 + fo2 as in Lemma to get both

I orCrun()) = for o @l ey < Lallua(s) — el iz < el B (uals) = @)z
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and
I fo2 (-, 1 () = foz (- )2 vy < clllun(s) = @l (lun(s)~ + P16 || 2y

1
< cfl¢> (un(s) — @)l Hun ()17~ + ll ],
RN) whenever 2 < Me=D) < 2N

From Sobolev embeddings we have H4*(RY) — L < N-sa’

which translates into the condition 1 + Sﬁa <p< Nf . Here we can assume 1 + SWO‘ <p

L™%a (RN) Lis (RN)

N(P 1)(

8a
since otherwise p can be increased, if necessary, to a value close enough to p. = % On
the other hand for « su1tab1y close to s we have that p < N since p, < Ji - Thus, for

a < 5 close enough to 1 3 we obtain
[ fo(+;un(s)) = fo(, ‘P)HL%(RN)
1
< |62 (un(s) = )l i@y ([1un(5) oy + 10l Frao ) -

Again from the bounds in H*(R"), see Lemma 5.2 m, for any a € (0, 1) we have the estimate
of the form

(6.14)

v752?50>0 H’LL( )HH4a (RN) + H90||H4a N <c
and using (6.11]) we get from ((6.14)
~ L ~ «
[fo( un(s)) = o, @)z @ey < céll@7 (un(s) — @)l ao@yy < E1B (un(s) — )llr2 @)

Now for the linear term in f, note that if 7 = oo, that is when m € L®(RY), we immedi-
ately have

[m(un(s) = @)z @y < lmllpoem) | (un(s) — @)Lz @)
< | B (un(s) = o)z @)
If r < 0o we will also obtain below that

I (un(s) = @)z @) < el B (unls) = @)z @)

(r) = o0
if 7 = 2 and cover RV with cubes @Q;, i € Z", centered at i € Z" and having unitary
edges parallel to the axes. Thus we have RY = U;cznQ;, where Q; N Q; = 0 for ¢ # j and
H*(Q;) — L)(Q;) for a < & close enough to 1 as r > &. Consequently, we obtain

although with a more delicate argument. Namely, we set ¢(r) =

1
I (un(s) = )17z @y = Im(un(s) = ©)d2 72
1 6.15
= > Imll @l (n(s) = ©)82 [ < Ml @y D 1(n(s) = ©)62 [Fr1a (g (6:15)
i€ZN ieZN

Since, analogously as in [4, Lemma 2.4] we have

Z ||X||H4’Y q S C,“XHH:}’Y(]RN)J Y € (07 1)7 qc (1700)7
i€ZN
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then (6.15]) extends, using (6.11]), to the estimate
1
I (un(s) = )72 @y < €llmllZy @l (n(s) = ©)62 o)

! (6.16)
< || B*(un(s) — )l 12 ).

Since we also have 1 < —— for all 1 > ¢ > s > 0, then (6.13))-(6.16) imply, for ¢ € [0, 1],

(t—s)2
M tC
a —_— — — —
15 n(®) = ) < galhion = elizam + | PRATEE
and, using the Singular Gronwall Lemma, see [20, Lemma 7.1.1], we get

sup t*||B*(un(t) — SO)HL;(RN) < &f|uon — 90||L3>(RN), (6.17)
te[3,1] :

1B (un(s) = ©)ll1z ) ds,

for some constant ¢ > 0 and a < 2 close enough to 1.

Connecting now , , , and we conclude that for a < % close

enough to %
1
162 (u(tn) = @)l rao@yy — 0.
This, in turn, implies the convergence in Hj (RYN), for s < 2 as in the statement. O

We now conclude that, if Lemma [5.5 applies, then convergence to equilibrium in Theo-
rem actually holds in some stronger norms.

Corollary 6.2. Let {S(t) : t > 0} be the semigroup in H'(RYN) from Corollary and
suppose that g € L4(RY) for some 2 < ¢ < oo.

Then, in Theorem {u(tn,)} converges to an equilibrium in H
and 2 < p < min{r, ¢}.

In particular, whenever min{r, ¢} > 5,
in C! (RY) for each p € (0, o), where pg = 2 if min{r,q} = oo and py = 2 —
otherwise.

(RN) for any s < 2

N we have that {u(t,,)} converges to an equilibrium

_N
min{r,q}

7. EXAMPLES

In this Section, in order to show ths scope of our results, we check out conditions ({3.3[)— (/3.6
for some prototypical classes of nonlinearities.

Example 7.1. Assume the nonlinear term is of the form
f(5,0) = —Co+ fo(v) + g(z), ©€RY, vER,
with
vfo(v) <0, g€ L*RY),
and C' > 0.
Then, |)1) are satisfied with m(z) = C, which is in L, (RY), for any r > max{%, 1}.
As for the structure condition (3.3)), it holds with C(z) = —C, D(x) = |g(z)| € L*(RY) and

[ 196P —C)é? 2 € forall o€ GFERY), folliem, = 1.
R
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Consequently, the solutions of the linear problem (3.6)) are exponentially decaying as t — oo
(see Theorem [A.2)).
Thus, the results of Sections thus in particular Theorem apply.

Example 7.2. Consider now a ‘logistic’ type nonlinearity
f(z,0) =m(x)v —op|™', 2 € RY, v eR, pe(1,00), (7.1)

which includes the “bistable” model m(z)v — v3, which is typical in the context of Cahn—
Hilliard equation. In this case we will assume that

m(z) = mi(z) + me(x), v € RY,
where
my,my € L (RY) for a certain 2 <7 < oo

and some more conditions to be specified below.
Using Young’s inequality, we have

f(x,0) = m(@)* — o = my (@) + ma(a)o]F |v] T — o]
< mi(@)e? + ESfma(e) ], v € R, @ € RY,
then (3.3]) holds with
—1 .
C(x) = mi(z), D(x)= p7|m2<x>|p—l. (7.3)

Consequently, the results in Sections [4- [6| will apply provided that the semigroup generated
by A+ my(-)] is exponentially decaying as t — oo and

]mg(x)lp%l € L*(RY) for some max{l, }<s<2 (s>1if N=2).

N +2

In a similar way we can handle more general nonlinearities; for example
f(z,v) = m(x)v+1(2)p(v) — n(x)vjv)’t, » € RY, v €R,

where 0 < n € L>®°(RY) and p(v) is a polynomial of degree less than p.

8. ASYMPTOTIC COMPACTNESS FOR PERTURBED CAHN—HILLIARD EQUATIONS

Recall that from Proposition asymptotic compactness can not be expected in general
for the semigroup associated Wit in H'(R"). Hence the existence of a global attractor
in H'(RY) can not be expected in general either. Although both linear and nonlinear part
of the equation ([1.1]) cooperate, this mechanism is not so strong as in the case of the second
or fourth order problems described in [4] and [I7] respectively.

Therefore our goal in this section is introduce some perturbations in the original Cahn—
Hilliard equations f in such a way that the perturbed semigroup is asymptotically
compact and therefore has a global attractor. The goal is then to understand possible

mechanisms that make the equation dissipative.
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8.1. Asymptotic compactness from a nonlinear perturbation. First, we consider the
family of perturbed equations

U+ (A + 5D (=A+elu— f(z,u) =0, t>0, s € RN, (6,6 >0), (8.1)
see [18], for a similar approach.
Note that (8.1]) coincides with (1.1)) when § = & = 0 and, assuming the structure condition

[3-3) with C(-), D(-) satisfying (3.4)-(3.6) we can (and will) hereafter always assume that
e = 0. Indeed, defining f(z,s) = f(z,s) — s, (8.1) reads

u + (—A + 60)((—Au — f(z,u)) =0, t >0, z € RY,

and f(x,u) still satisfies (3.3) with é(z) =C(x) —e¢, [?(a:) = D(z) which satisfy (3.4)-(3.6)).
Observe then that (8.1) (with € = 0) reads

uy + A%u+ Af(z,u) — 0Au+6f(v,u) =0, t >0, z € RN (8.2)
which is a nonlinear dissipative perturbation of ([1.1]).
Then define the operator
Ps = —A+ 61, 0 >0,
and write (8.1) (with e = 0) as
ut+P5(P0u_f('7u)):07 t>07 (83)

see (3.1]). Since § > 0, Ps = —A + 41 is invertible (say in L*(RY)), and (8.3 can be written
as
Py luy = Au+ f(z,u). (8.4)
Notice that (8.4]) is a nonlocal linear perturbation of (3.2)).
Concerning existence of solutions of (8.3)) we have similar results to Theorem and
Corollary 2.3] Moreover we have the following results. Observe that the asumptions on the

nonlinear term below are the same as in Corollary but assuming some growth condition
when N = 1.

Proposition 8.1. Suppose that — is satisfied with m € Ly,(RY), r > max{%, 1},
r>2 ge L*RY) and for N = 1,2 holds with some 1 < p < oo, while for N > 3
%) holds with some 1 < p < p, = =1+ Ni—z' Assume also the structure condition
13.9) with C(-), D(-) satisfying (3.4)-(5.6).
Then

i) the perturbed problem , is globally well posed in H*(RYN).

ii) the associated semigroup {Ss(t) : t > 0} of global solutions has bounded positive orbits
of bounded sets. Moreover the function E : H'(RY) — R in 1s a Lyapunov function

which is bounded on bounded sets, and the solutions satisfy

E(u(t)) — E(u(s)) = —/ (IV(Au+ f(z, u)T2@n + 0l Au+ f (2, w)l[72@x)

t
== [ VB ey + SIS el o) (85)

§E(u0)+g, t>5>0,6>0, up € H'(RY).
C1
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Furthermore,
i) positive orbits of bounded subsets of HY(RY) under {Ss(t) : t > 0} are immediately
bounded in H*(RY); consequently both Au and f(-,u) remain bounded in L*(RN)-norm uni-
formly on unbounded time intervals away from zero and for ug in bounded subsets of H*(RY),
i) the set of equilibria of {Ss(t) : t > 0} is independent of § > 0, coincides with the set £ of

equilibria for ,
v) € is bounded in H*(RN) and both parts i) and ii) of Theorem [6.1] apply.
Proof: Note that from (8.3) and we obtain that,
(Ps s, ug) 2y = [ V(Au+ f(,0) |72y + 0l Au+ f (2, u)] 2@
= ”V(P{lut)H%?(RN) + 0| By e | 2y

Then, multiplying in L2(R™) by —u, and using (8.6)), we get
d
pnl

Thus E(u) is non-increasing with respect to time variable and, similarly as for the unper-

turbed problem, we obtain and . This proves parts i)-ii).

Part iii) is then a consequence of the argument used in the proofs of Lemmas ,
and Corollary [5.4

Finally, part iv) follows immediately from (8.4)), whereas part v) can be obtained from
boundedness of £ in H!'(R"Y) (see Proposition [4.4)) and from iii). O

Now we prove below that because 6 > 0, the semigroup {Ss(t) : t > 0} associated with
has a global attractor. Recall that A is a global attractor for the semigroup {Ss(t) : t > 0} in
H'(RY) if A is invariant under {Ss(t) : t > 0}, compact in H'(R") and, for any B bounded
in HY(RY), we have that

(8.6)

E(u)] = _<P5_1utuut>L2(RN) = _(HV(Pa_lut)H%?(RN) + 5||P5_1Ut||2L?(RN)) < 0.

sup inf |[S5(t)b — al|greyy — 0 as t — oo.
beB a€A

Theorem 8.2. Under the assumptions in Proposition 8.1, assume the following additional
condition on the nonlinear term: there exist G(-), H(-) such that

. 2N
0< H e L¥(RY), max{1,N—+2} <5<2 (3>1ifN=2),

) N (8.7)
G e L;(RY), 7> 5 7> 2,
with
[ (1968 = 6l2)6) 2 @nlols e, (59
for all ¢ € HY(RY) and some &y > 0 and
sf(z,s) — vF(z,8) < G(x)s* + H(z)|s|, v € RY, s € R, (8.9)

for sufficiently small 0 < D.
Under these assumptions the semigroup {Ss(t) : t > 0} in H'(RY) associated to (8.3),

possesses a global attractor A in H'(RY).
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Proof: Due to Proposition we only need to show that, {Ss(¢) : t > 0} is asymptotically
compact; that is, each sequence of the form {Ss(t, )uo, }, where t,, — oo and {ug, } is bounded
in H*(RY), has a subsequence convergent in H!(R"™). Note that, by Proposition , the
positive orbit of {ug,} will be bounded in H'(R"™) and it will be immediately bounded in
H?(RY).
The proof will follow in three steps.

Step 1. We will first show that for each B bounded in H'(R") the tails of the solutions
are uniformly small for large times. By this we mean that for arbitrarily chosen £ > 0 there
exist certain 7 > 0 and R > 0 such that

sup sup ||u||L2({|$|>R}) <& (8.10)
ugEB t>T

For this, choose any smooth function yq : [0,00) — [0, 1] such that yo(z) = 0 for s € [0, 1]
and xo(s) =1 for s > 2. Let x(z) = x2(x) for € RY and define

|[? N
Y(x) = X(ﬁ>’ reRY,
and
or(z) = Yi(x), r € RY, (8.11)
where £k = 1,2, ... can be chosen as large as we wish.

With this we define the “tail of the energy” as

E¢k(t) = %/RN |VU|2¢1€ - /RN F(xvu)gbk

Then we prove below that the tail of the energy is uniformly small for large times, see ([8.24)),
and also that the tail of the energy controls the tail of the solution, see . From these,
(18.10) will follow.

Hence, multiplying by Au¢y, where A > 0 is arbitrary, we get

-1, 2,
)\/RNuqka(s up = )\/RN |Vul“pp )\/RNUVUV(/bk—i-)\/ uf(z,u)oy

RN
and hence, using Cauchy inequality we have

0<— /\/ IVl — )\/ uVuVey,
RN RN

) (8.12)
0 —1, 12 A 2
+ A wf(z,u)or + | Py we|“n + — U Py
RN 2 RN 25 RN
Multiplying next (8.4) by wu;¢x, we obtain
d
—FEy, (1) +/ updpp Pyt = —/ uVuVoy. (8.13)
dt RN RN
From (8.13)), writing u; as P(;Pé_lut, we get
d _ _
— By, (t) +/ IV Py [ + 5/ |P; Mg > g1 = Ri(on), (8.14)
dt RN RN
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where, from (8.4)),

Raon) = [ (But o) Vdut o) Vo~ [ PP luvuvor

- /RN(Au+ [z, w)V(Au+ f(z,u))Vr _/

VP u AuV ey,
RN

— VPglutVuA@ - 5/ P(;lUtVUV(bk

RN RN

:AN(Au+f(x,u))V(Au+f(x,u))wk—/ V(Au+ f(z,u) AuVey

RN

— V(Au + f(z,u))Vuley, — 5/ (Au + f(z,u))VuVey

RN RN

= R11(¢r) + Ria(or) + Ris(dr) + Ria(on).

Summing up both sides in (8.12)) and (8.14)), adding and subtracting a multiple of [, F(x, u)dy,
so that F,, appears on the right hand side, we have

d ) 1% N
L)+ / VP Py + L / PPy < A(1=2) / Vuldy — AZE,, (1)
dt RN 2 RN 2 ]RN

2

. A 9
+ A (/RN wf(z,u)pr — V/RN F(:z:,u)%) + %/]RNU or + Ra(or),
(8.15)

where

(o) = Ra () — A/N WV V.
R
We now omit the sum [,y [VP;  u|?dy + ngN | P; g, in (8.15) and use and
Holder inequality to get, for o € (0, ),

d . v

G+ 3B ) < -A[0=5) [ VP~ [ Gwlufol

dt 2 RN RN

2

A
L& (RN) + 2—(5 /RN U2¢k + Rg((bk)

1 1
+ M H ¢ 2 || s mevy | w2

Consequently, since

1 1 1
lude® [l o vy < (I (ug?) | 2@y + luge? [l 2e)), (8.16)

we have

%E¢k () + AV Eg, (t) < —A[(l - g)/RN [Val*or = /RN G(x”u’%k] (8.17)

2

1 1 A
) (Il + e e + 55 [ w6+ Raln)
R

20
Recalling (8.11]) we obtain

IV (uthp)|? = on|Vul® + w?|[Vbp)? + 20 uVuVipy. (8.18)
26
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From (8.17)), (8.18)), using Cauchy inequality with any v € (0,1) and restricting A to the
interval (0, 1), we then have, with v, A € (0, 1),

d ~ Y 2
th¢>k( )+)\VE¢k(t) < _)‘[(1 - g)/R uwk / G U?ﬂk %HHQ/}k 2

L3 (RN)

A2 A2
{(y\vwm My + 06 ) + 35 [ (w6 + i)
2
Aa=5) [ veir - [ Gan?] + S
A A2 1 A2
+ gn (uo e + 5 ludn ey + 55 [ () + Falwn)
i
Afa-5-2 [ - [ Gews?]
2
+ %(% + 1)/\2 /RN (wn)? + %HHW Li@ny + Ra(W),
(8.19)
where

Ry(Yr) = Ro(¥) + 2 (1 — g) /RN YruVuVi, + A(1 — g) / WP Viby|?

RN
and v is sufficiently small. By 1' and Lemma for any 0 < v < min{g, 1} there is a

certain w > 0 such that

vy
(1-5-2 [ Wk [ cwwn?ze [ (5.20)
2 2 RN RN RN
Hence, applying 1) and choosing A € (0,1) so small that w > %(% + 1) we obtain from
(18.19)

d Al 2
GE )+ M) < <M= 3G+ 1)) [ (wn+ Sl

%g(RN) + R3(¢r,)

2 (8.21)

2
C

We now remark that, for any & € N, the properties of ¢, and the estimates in part iii) of
Proposition [B.1] ensure that for all ‘times’ away from zero, and uniformly on bounded sets
of initial data, except for Rii(dx), Ri2(¢r), R13(dx), for all the remaining terms in Ry(¢y),
Ry(¢r) and Rs(1)y) we have an upper estimate of the form

M;

k Y

where 7 is arbitrarily fixed and M, > 0 is independent of k € N, ¢t > 7 and uy € B C H*(RY).
On the other hand, for Ryi(¢x), Ria(¢dk), Ri3(¢k), we also have that

t2>T,

M, ¢ M. ¢~
[ Bua ()] + [ Buz ()| + [ Rus(dn)| < ==+ [ V(Au+ f@, )| Zamny = - tphl), 2T
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where, due to (8.5)),

/00 R(t) = /00 IV (Au+ f(z,u))]3 @~y dt < sup E(ug) + 2 (8.22)

upEB &1
Hence (8.21)) reads

d . c? 2M,. ¢ -~
7 Bo(t) + Ay, (t) < 7HH¢1€ Loy T — TRl t=7,

and using Gronwall’s inequality and (8.22)) we get

2MT ¢ g —Av(t—s
Ey, (1) < By, (r)e™ " T>+—!|Hwk e Y gE TR / R(s)e ) ds
c? IM, ¢ -

< By (r)e 707 4 —||Hwk

Lé(RN)+m+EM7 tZT.

Note that boundedness of orbits in H*(RY) together with the boundedness of the energy
E on bounded sets of H'(RY) (see Proposition [8.1]iii)) and boundedness of ¢, ensure that

Eor) =5 [ IVur)Poc~ [ Fleatmo <N (5.29

where a constant N > 0 is uniform for ug € B C H*(RY) and even uniform for 7 > 0. Using

(8.22) and ({8.23]) we obtain

} :
By, (t) < Ne™¥7) ¢ M-

o )\~||H¢k D+ T+ o 12T (8.24)

Hence, the tail of the energy is uniformly small for large times, as claimed.
On the other hand, we prove now that the “tail of the energy” controls the “tail” of
solution. For this, using , and ( we have

2Ey, > /R y |V (uthy,) > — /R N (u?| Vb |* + 205uVuVy)

(8.25)
- [ c@unp -2 [ D@yua,
RN RN
and then, using again properties of 1, and H'(R")-estimate of the positive orbits,
2 2 M
/ (W |V + 20uVuVyy,) < - 120, (8.26)
RN

where M does not depend on ¢t > 0 and ug,, n € N.
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Combining (8.25)), (8.26]) and (8.16)) we get for any v > 0

P
2E¢k + ? Z / |V uwk / C uwk) — 2”D"¢k’ Ls RN)Huwk\ Ls (RN)
2
> / IV () — / C@) ) = 2D vy — I () [y + [0 o)
RN RN
2
> (-0) [ Vol - [ ) = 100l ~ Sl

Applying Lemma (see Theorem iv)) with v > 0 chosen so small that w(v) > v we
obtain

~

M 2c
T + _HDwk‘ Lo@Ny = 5 HuwkHLQ(RN) (8.27)

Connecting (8.24) and (8.27)) we obtaln (8-10). The proof of Step 1 is thus complete.

Step 2. We now show that each sequence of the form {Ss(t,)uo,}, where {ug,} is bounded
in HY(RY) and t,, — oo, has a subsequence convergent in L?(RY).

Since, by Proposition almost all elements of the sequence {Ss(t,)uo, } are in a certain
bounded subset of H?(R") there exists a subsequence, {Ss(t,, )uon, }, which converges in

L*({|z| < k}) for any k € N. Choosing any £ > 0, we know from (8.10) that there is a
certain kg € N such that

Hsé(tnl)UOnl — S(?(tnm)uOnm||L2({\x|>k0}) S 25 for all l, m 2 N
On the other hand, since {Ss(ty,,)uon, } converges in each L*({|x| < k}), we infer that
155 (tn, Vtton, = S5t )tiom, | 22({jal<koyy < € for all n,m > N.

2y, +

Hence, {Ss(ty,, )uon, } is a Cauchy sequence in L*(R"), which completes the proof of Step 2.

Step 3. We now show that each sequence of the form {Ss(t,)uo, }, where {ug,} is bounded in
HY(RY) and t,, — oo, has a subsequence convergent in H'(R"). Again, by Proposition [8.1]
the set {Ss(t, — D)ug, : m > ng} is bounded in H*(RY). From Step 2 there is then a
subsequence {S5(t,, — 1)ugy, } convergent in L*(RY).

Similarly as in Remark ii) of Appendix [B| we now observe that for the perturbed
problem (8.3), (L.2) one can use [I5, Theorem 3.2.1], which will imply that S5(1) takes
{S5(tn, — 1)y, } into a precompact subset of H'*4<(R") for any ¢ < 1 close enough to 1.

Indeed Theorem 3.2.1 in [I5] applies because, after rewriting equation as u; + Piu =
(Py + 0)f(-,u) — 6Pyu =: F(u), we have that P? is a sectorial operator in the space X =

H~%(RY) (see Theorem [A.2)), whereas from the proof of Theorem[2.1]in the Appendix[B] (see
h B.3

Lemmas B.3) the nonlinear term F is a Lipschitz continuous map from the fractional

power space X11¢ = H'W(RN) = B/ 7°(2) into X = H2(RY) = E, 2(2) for any & < :
close enough to 1. On the other hand {S5(t,, —1)ugp, } is bounded in X3+° = H'+4(RN) and
convergent in L?(RY) — H~%(RY). Consequently, by [I5, Theorem 3.2.1], {S5(1)Ss(t,, —

Dugn, } = {S5(tn,)ton, } has compact closure in H'**<(R") whenever ¢ is less than 1 and

close enough to %. Il
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Remark 8.3. Observe that in fact, keeping in some term [on |V(uthy)|* and using
, we can see that the “tail of the energy”, (8.24), controls the “tail” of the H*(RY)
norm of the solution.

Example 8.4. Observe that the additional condition on the nonlinear term, , is quite
natural. For example, if f is as in Example then we also have

vf(z,v) = vF(z,v) = (1 — g)m(x)v2 - (1- #)M’)H <(1- g)vf(v), (8.28)

whenever z € RY, v € R. From (7.2) and (8.28) it is thus clear that holds with
G(z) = (1= %)C(z) and H(x) = (1 — 5)D(x) for arbitrarily small & > 0, where C(x) and
D(xz) are as in (7.3). Therefore, for f in (7.1) Theorem will then apply as well.

We also have the following

Corollary 8.5.

i) The attractor A for the semigroup {Ss(t) : t > 0} in H'(RY) in Theorem [8.4, is bounded
in H*(RY) and, for any s < 2, it is compact in H*(RY) and attracts bounded subsets of
HY(RY) with respect to the Hausdorff semidistance in H*(RY).

ii) The set of equilibria € is nonempty and for each uy € H*(RY) and any sequence t,, — 0o,
there is a subsequence {t,, } and an equilibrium ¢ € &, such that as k — oo,

u(tn,) — o in H'(RY) fors < 2.

Furthermore A = W*(&) is the unstable set of equilibria.
iii) Assume additionally that in we have, instead of ,

2N
De L’RY)NL*RY), o> N/2, max{l, m} <s5<2.

Then there are two ordered extremal equilibria o,y in HY(RY), minimal and mazimal
respectively, so that any equilibrium + in H'(RN) satisfies

pn(r) < Y(z) < pu(e), = € RY,
and the order interval [om, )iy attracts ‘pointwise asymptotic dynamics’ of m

the sense that for each uy € H'(RY) and any sequence t, — oo, there is a subsequence {t,, }
such that

Om(z) < Hm u(ty,,, z;up) < pa(x)

k—o0

for a.e. x € R.

Proof: i) It suffices to note that in Step 3 of the proof of Theorem [8.2] above, we have
actually shown that, given s < 2, each sequence of the form {Ss(¢,)uo,}, where {ug,} is
bounded in H'(R") and ¢, — oo, has a subsequence convergent in H*(RY). On the other
hand, for any positive time, the semigroup is bounded on bounded sets from H!(RY) into
H%(RY) (see Proposition [8.1)). Thus the semigroup will thus have the attractor (which will
be the the same set) both in H*(RY) and in H*(R") with any fixed s € (1,2).

ii) Since the semigroup {Ss(t) : t > 0} in HY(R") is asymptotically compact then, due to
Proposition , the w-limit set w(ug) of any point vy € H'(RY) is nonempty, compact,
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attracts ug and is contained in the set of equilibria £. Actually, the attractor is the unstable
set of &€ (see [29]).
iii) On the other hand, since the set of equilibria of {S5(t) : t > 0} in H*(RY) coincides with

the set of equilibria for (1.1]) (or (4.1))), Theorem applies. O
Remark 8.6. The existence of a global attractor for a perturbed problem of the form
u + (A + 6D (A +6Du — f(z,u)) =0, t >0, 2 € RY, (8.29)

with 6 > 0 was shown in [18], although for smoother nonlinear term such that f(z,-) € C*(R)
+
for v € RY and |%L(z,s)] < C(1+ |as(z)| + |s| %22 ) with some a3 € L5 (RY), which we do
not assume here. Also the authors assumed in [18] the structure conditions
HME(O,%) VSER vaRN F(ZL‘, S) < MSQ + Oél(l’)|8| + 71(11)7 (830)
and
Jie08) Fre(o,o21) Vser Vaern 5f(x,8) = kF(x,5) <ls* + aa(x)|s| + (), (8.31)
with certain nonnegative functions ay, oy € L2(RN) and v1,v, € LY(RY).
Since for a certain 6 € (0,1) we can write k = 9%, conditions (8.30)-(8.31)) imply that

O L (@) + asla)) 5] + (95; Li(@) + ().

sf(z,s) < (60 + (1—0))|s]”+ (6

Actually, with f(z,u) == —6u+ f(x,u), we can write as in with

0—1

sf(x,s) < C(x)|s* + D(x)[s| + (0——n(z) + ().

with C(x) = —(1—0)(0—1) < 0 (since from W), d—1>0)and D(x) = 9%0&1(1‘)4‘0&2(%‘).

Therefore, comparing the conditions above with , (@ and , we see that con-
ditions in Theorem apply to with less reqularity requirements and larger growth
conditions on f.

8.2. Asymptotic compactness from a small linear term. In this section we show
another mechanism to turn ([1.1)) into a dissipative equation by adding a very small linear
perturbation. The equation we consider here is

uy + A%u+ Af(z,u) +6u=0,t>0, z€RY, §>0; (8.32)

hence the perturbation is ‘much weaker’ than in . However, the energy is no longer
decreasing along solutions of . Also, the set of equilibria of does not coincide
any longer with the set of equilibria of .

In any case, note that under the asumptions on the nonlinear term as in Corollary [2.3]
but assuming some growth condition when N = 1, we obtain a completely analogous result
to parts i) and iii) of Proposition [8.1]

Hence, in what follows we thus focus on exhibiting the dissipativeness mechanism of
in HY(RY). The first step in this direction will be finding an H!(R")-estimate of the solu-

tions, which is uniform in time and in bounded sets of initial data.
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Let us suppose that the assumptions of Proposition hold. Denoting as before £ =

YVl vy — fow e, w), multiplying (8:32) by —(Au+ f(-, ) in L*(R") and using (3.3)
together with the estimate

[, p@ul <0

we get, using Holder inequality,

d

%E(t) + [V(Au+ f('au))H%?(RN) + 5Hqu%Q(RN) = 5/RN uf(-,u)

1
L™l ull g @yy < cl|D LS(RN)(HVUH%%RN) + ||u||%2(RN)>27

c? U
= (/IR{N Clay® + g 1Pl + 5 (IVellzaqe + HUH%Q(RN))) '
We then have

d ov
B0+ 1900+ )y +8 ([ =0Vl = 0@ ) + FITulan,
ov

dc?
< EHD %S(RN) + 7“““%2(]@)-

Using next Lemma , with wg > 0 because of and Theorem , we obtain,

choosing sufficiently small v € (0, %) such that in Lemma E ii) we have w(v) > %,

d dv 5c?
ZE() + [V (Bu+ () agary + 5 (IulZam) + VUl ) < S-ID1 )
(8.33)
On the other hand, from the proof of Lemma (3.4 we know that for ¢ € H'(RY),
- 4c? v
B(6) = 2B(6) + | Dllfue) > 2 (IV0lam, + [0lamn)),  (834)

whereas from the proof of Lemma [3.2] we have
- ptl
0 < E(¢) < a([lgll72@m) + VOl T2@m) = +b, ¢ € H'(RY),

for certain constants a,b > 0. Therefore for ¢ € H*(RY),

B75(6) < al60aqun, + 1Vl aen) + 5.

for some @, b > 0.
Hence we get from ([8.33))
d - v ~ 2 dc? bov
—E(t)+ —=E71(t) < —||D|3, —.
SE()+ SLEFT() < T DI v, +
Consequently, denoting by 2™ the unique positive root of g—’(flz% = %HD
have that

2 bov
Ls@y) T 35, We

E(t) < max{E(ug), 2"} (8.35)
and ~
VZ>Z+ Vr>0 E|t0>0 v”“OHHl(RN)Q“ E(u) c [O,Z] (836)
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In particular, we obtain the boundedness of positive orbits of bounded sets and the existence
of an absorbing set in H*(RY) as shown in Theorem below.
The above estimates lead to the following result.

Theorem 8.7. Under the assumption of Proposition

i) the problem (u (-) s globally well posed in HI(RN) furthermore, the associated
semigroup {Ts(t) : t > 0} in HY(RYN) has bounded orbits of bounded sets and is bounded
dissipative; that is, equivalently, there is By bounded in H'(RY) such that for any set of
initial data B bounded in H'(RY) there exists T = T(B) such that

VU()GB thT(B) u(t,uo) - Bo.

i) for each t > 0, Ts(t) maps bounded sets of H'(RY) into bounded sets of H*(RY). Con-
sequently, positive orbits of bounded subsets of HY(RY) are immediately bounded in H*(RY)
and there is a bounded set in H*(RY), which absorbs bounded subsets of H'(RY).

Proof: Part i) follows from the estimates ) and (8.35))-(8-36). Then, following the
argument used in the proofs of Lemmas we obtaln that for each ¢ > 0 and any s < 2,
Ts(t) maps bounded sets of HY(RY) into bounded sets of H*(RY).

To complete the proof similarly as in Remark ii) of Appendix [Bf we now observe that
for the perturbed problem (8.32 . one can use [12, Theorem 5|, which will imply that,
for any e < 1 close enough to 3, any B bounded in H*™(RY) and any ¢, > 0 close enough
to 0, Tg(to)B is bounded in HQ(RN).

Indeed Theorem 5 in [12] applies because, after rewriting equation as u; + Piu =
Pof(-,u)—6u =: F(u), we have that P2 is a sectorial operator in the space X = H~2(RV) (see
Theorem |A.2)), whereas from the proof of Theorem in the Appendix (B (see Lemmas
the nonlinear term F is a Lipschitz continuous map from the fractional power space
Xite = FUHE(RY) = B 7(2) into X = H2(RY) = E, ?(2) for any £ < 1 close enough to
1. Consequently, given B bounded in H*(R") (hence, by part i) with positive orbit v (B)
bounded in H'(RY)) we obtain via [I2, Theorem 5] that for each ¢, > 0 sufficiently small
Ts(to)yT(B) is bounded in H?(RY).

Finally note that, if By is bounded in H'(R") and absorbing bounded sets of H'(R") then
~*(B) has the same properties and and from what was said above we infer that Ts(to)y*(Bo)
is bounded in H?(R") and absorbs bounded subsets of H*(RY). O

Remark 8.8. From (8.35)- and we obtain that for any fixred numbers a > 0
and T > 0 the following estimate holds for everyt > 7:

0c®|| D7 gy

2av

190+ £ )y s < +2max{B(w). =} (8.37)

Indeed, by and the definition of E(u) m M, the left hand side of 15 bounded
by

ds
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s¢*|| D2

TL;“RN)(l — e‘“(t_T)) whereas from integration by parts formula and (8.3

where J; =
we have

s=T

¢
Jy = —E(u(s))e )~ 4 a/ E(u(s))e *=9ds

= B(u(t) + B a [ Bu(s)e s
< max{E’(uO), ZTH1+ a/ e_“(t_s)ds) = 2max{E’(u0), 2T}

We next prove the asymptotic compactness of {Ts(t) : t > 0}.

Theorem 8.9. Under the assumptions of Thearem iof the nonlinear term satisfies f
(8-9), then the semigroup {T5(t) : t > 0} in Theorem is asymptotically compact in
HY(RY) and has a global attractor.

Proof: Note that once it is shown that for each B bounded in H'(R") and for arbitrarily
chosen £ > 0 there exist certain 7 > 0 and R > 0 such that

sup sup ||u| L2(z>m) <&, (8.38)

ugEB t>T

then the result follows in the same manner as in Steps 2-3 of the proof of Theorem [8.2]
Below we thus concentrate on proving (8.38|), for which we follow a similar argument than
in the proof of Theorem [8.2]

As before choose a smooth function as in (8.11]). Multiply then (8.32)) by —(Au+ f(-, u))dx

and integrate over z € RY to get that the tail of the energy (8.24) satisfies the equality

d

GEu0+ [V @ut fw )P+ [ 19uPo =5 [ upewo =Rig, (539

where

R(or) = — /]RN wVuVaoy — % V(Au+ f(z,u))*Vy — 5/ uVuV oy,

RN RN

_ 3 1 2N
_ /R (V6 /R (Bt (o, 0)Ady 0 /R uvuve,

= / (A(Au+ f(x,u)) + du)VuVe + %/ (Au+ f(z,u))?Adp — 6 | uVuVey
RN RN RN

= —/ V(Au+ f(z,u))(AuVeor + Vulgy) + %/ (Au+ f(z,u))*Ady.
- 34 RN



Using 1. and adding and subtracting a multiple of fRN F(z,u)¢y, so that E,, appears
on the right hand side, we have

d
GEu0)+ [V @ut fw )P +50-5) [ [Vl

woily [ 1VaPo— [ Pl
—o( [t =7 [ Flaue)) = Rig)

Using and dropping out the term [on [V(Au + f(z,u))|*¢r, we get

d
TP+ 7B, 0 +60 ) [ VP, <5 [ GlluPo

(8.40)
3 [ H@ulo+ R
R
Since H'(RY) < L¥(RN) and using (8.18)), we can rewrite as
; -
B0+ 570 )+ 6016 -2) [ VP 8 [ V)
RN RN
5 )
<6 [ Gl + g H e + Gl g, + Rién) + R
RN
5
<6 [ G@luinP + o lonH 2
RN Y
0y _
+ Cg(HiﬂkUHimw) + [V (@ru)lf2@n)) + R(r),
where
R(dy) = R(dp) + R(de) and  R(¢py) =d(1 — g)/ (|JuVY|? + 20 uVuVy).
RN

Then, applying (8.8) and Lemma |A.4] we obtain for suitably small parameters 0, 7 > 0 that
v
(1=6-5) [ VP~ [ Gl = wlbral
and hence we have

d . d
S Bu,(8) + 07 Ey, (1) < i 57 Eoy + ellnlEaqam, + 19(00) e

< 2—||1/)kH
i

(8.41)

Loy T R(0w),

where ¢ := min{éw, 56} — ¢% and v > 0 is small enough so that ¢ > 0. Using now the
properties of ¢ and recalling from Theorem ii) that positive orbits of bounded sets are
immediately bounded in H?(RY) we obtain that

R(or) < M, + E/RN IV(Au+ f(x,u))]?, t> T (8.42)

k
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Hence, from (8.41]) and (8.42)) and solving the resulting inequality, we infer that

Ey, (t) < Eg, (1)e 77 + —||¢kH||Ls RN)

M, ¢ ' A ' 2 —op(t—s) g >
=t [ IV(Aut £ w))(s)l[za@me s, t>T.

Recalling now (8.37]) we obtain an estimate like in (8.23) and using then (8.27)), we conclude
that for each ¢t > 7

M

v 2c?
§||u¢k||%2(]RN) < 2By, (t) + 7T —||D1/)k| 7o (M)

2
2M, Dll7 .
(M + 2max{ E(u), z*})

< IN —o0(t—) - H . T
€ + Hwk ‘L(RN + Sk + L

20V

~

M 2
+ ? + —HDwk\

Thus holds and the rest of the proof is the same as in Theorem [8.2] O

Ls(RN)*

Remark 8.10. Note that both Proposition and Theorem actually hold for N = 1
without assuming . If the nonlinear term satisfies (8.7)-(8.9) then Theorem also

holds for N = 1 without assuming . Indeed, multiplying by —(Au+ f(-,u)), one
can proceed as in the proof of Theorem |8.9 with 1, = 1 to obtain the H*(R™) bound on the

solutions. Consequently, Theorem also holds for N = 1 without assuming .

APPENDIX A. OPERATORS (—A)* + C(z)I IN BESSEL POTENTIALS SPACES

In this Section we collect some results concerning perturbations of a power of the Laplacian
by a potential. We will consider the potentials C' which satisfy some mild integrability
assumptions uniformly on unit balls in RY. In general we omit the proofs, which can be
carried out similarly as in [38] and [16].

We first consider a multiplication operator Q¢, which we define for any function ¢ : RV —
R by

Qc(d)(z) = m(x)p(x), v € RY.

Lemma A.1. Suppose that k = 1,2, C € L;(RY) with r > max{Z, 1}, p € (1,00) and let
B be any number from the mterval

I(l{?,p) = (_ﬁ*(kvp/)7ﬁ*(k7p) - 1] C (_170]7

k) =14 (N
Gk p) =1+ <2kp 2kr>

and x_ = min{x,0} denotes the negative part of x € R.
Then, there is a certain interval (g, 1 + ) such that for any a € (ap, 1 + B)

Qc € LOH*(RY), (H,*P(RY))) and ||QCH£(H§/@O¢(RN)7(H 216 vy < [ Cllng, @n)-
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The above lemma is a crucial ingredient in the proof of the following result. Note that
below we use the notation V2 = A.

Theorem A.2. Suppose that k =1,2, C € Lj(RY) and r > max{2,1}.

i) Then the operator Pt = (=A)* — C(x)I is a sectorial operator in LP(RN) and — Pk
generates a C° analytic semigroup, {e*Pgt 1t >0}, in LP(RY) for any 1 < p < oo.

i) The scale of fractional power spaces, { E;(k), o € R}, associated to this operator, is given
by

Eok) = J B0 RY) for 0<a <G (kp) <1,
pAE (H;Qko‘(RN))’ for —1< —p.(k,p) <a<0,

with0<ﬁ*(k,p):1+<%p—%) glandﬁ*(k,p):ﬁ*(k,p')zu(%—%) . where

we will also use the usual notation
s Ny —s N
Hp(R )= (Hp, (R ))’, s < 0.

i) On this scale of spaces, the analytic semigroup generated by — Pk satisfies, for some
w € R,

—wt

. e *
le™ gy S Mgy 1> 0, =Bulk,p) <o < €< 5 (k.p), (A1)

i) Also, if p = 2 then is satisfied for some w > 0 if and only if there is a certain
wg > 0 such that

946 = C@)) > walolfaem, (A2)

for all ¢ € H*(RYN). We say then that the C° analytic semigroup {e_Pgt >0} in L2(RY)
15 exponentially decaying as t — oo.

Remark A.3. i) Observe that for k = 1,2, 8*(k,p) = 1 iff r > p and, for all 1 < p < oo,

N
* >1—-— .

Hence, the interval [— (. (k,p), 5*(k,p)] contains at least the symmetric interval
N N]

o o
Also, the length of the interval (—0.(k,p), 5*(k,p)) is L = B*(k,p) + 5*(k,p") and then
L+ 57k p), ifp zr=p
L+ 5%(k,p), Wfpzr=yp

2 ifr > p,pf
2+%—% if p,pl >r.

I —

Note that in any case L > 1 since r > max{s, 1}.
ii) The case r > p reflects that the potential is suitable integrable with respect to the base
space, LP(RY). Hence, in this case the potential can be naturally handled as a perturbation

of the Laplacian or bi-Laplacian operator.
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iii) On the other hand when r < p, the potential is poorly integrable with respect to the base
space and it is more difficult to handle as a perturbation of the Laplacian or bi-Laplacian.
iv) Note that it is implicit in that since C € L;(RN) with r > max{Z,1} and ¢ €
H*RN), then C¢? € LY(RY).

Another useful result is the following.

Lemma A.4. Suppose that k = 1,2 and C € L,(RY) with r > max{2;,1}. Then
i)The domain of Pt = A* — C(z)I in L2 (RY), Dy2(PE), is included in H*(RY) and

[ ptov= [ Vovto- [ c@ov= [ orbv.  owe Dl
RN
Furthermore, there exists wy € R such that

[ (9% = Cl)6?) 2 walldlsem, Jor cach o€ HHRY),

RN

ii) If wo is as above, there is a continuous decreasing real valued function w(v) defined in a
certain interval [0, vy] such that for v € [0, vp],

[ @ = IVt = C@)) 2 ) [ 6 forall oe HYRY)

]RN
and

VILI(I)ler(V) = w(0) = wo.

Note that in fact the constant wy in the Lemma above, gives a lower bound of the
bottom spectrum of Py or P2 in L*(RY). So part ii) of the Lemma above is a sort of
continuity of the bottom spectrum with respect to the diffusion coefficient.

We now come back to the last statement of Remark proving a technical lemma below.

Lemma A.5. Suppose that C' € L7;(RY), where r > max{%,1}.
Then, for any v > 0 and a certain ¢, > 0 we have

/.

Proof: Note that it is sufficient to consider the case r < co. Note also that if (); is an open
cube in RY centered at i € Z" and with all edges unitary and parallel to the axes then

RY = Ujezn @ and Q; N Q; = () for i # j.
Letting »" = -5 and choosing s € (0,1) such that s — % > —2%, which is possible because

r > max{%, 1}, we have H3(Q;) — L*'(Q;) and

| c@lier = Z/W\W<ZWMM%%

iezZN iezZN (A3)
< Z |C L;'J(RN)||¢|

ieZN

C@)llo* < NVlia@n) + e 017@n), ¢ € H'(RY).

H3(Qi)»
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With the aid of the interpolation inequality, [|¢]lmsq,) < Cll9lljn g, ngLQ (o (see [HIL
§2.4.2(11)]) and Holder mequahty we obtain from (A.3) that for each ¢ € H'(RY), every

e>0and ¢, =" ST

O”Lr RN)
/RN C(x)]o]* < Z (Ellollzrn iy + 8l 72n) = elel @y + cellolZz@ny- (A.4)

i€ZN

Subsltituting now ||[Vol3 L@y + ||¢||L2(RN) in place of ||¢||§{21(RN)-norm in (A.4) we get t}g
result.

Corollary A.6. Suppose that C € Li,(RY), where r > max{%, 1}.
Then, for any v > 0 there is a certain ¢y, > 0 such that

| @IV <A gy + & Iy, € HHRY)

Proof: If v € H*(RY), then summing 1' with ¢ = @/J;j, j=1,..., N, we obtain

RN

N N
C@)| Vol < e Iy I em + e D I I Ta@r) < el i) + ol Vel Taen,
j=1 j=1

where (||AY|| 2@y + ||| 2@yy) can equivalently replace ||| g2ryy. The result now follows
easily. O

APPENDIX B. PROOFS OF THE RESULTS OF SECTION [2]
With the results described in the Appendix |A] we will rewritte (1.1)-(1.2)) as

i+ Fyu= Po(f(-,u)) = Flu), t >0,
U(O) = Ug € H;(RN)
and using properties of operators Py, k = 1,2 in scales of fractional powers (see [1]) we will

look for the solutions that were originally defined in [2] 3] as e-regular solutions. Actually,
following [3] the proof of Theorem [2.1] will be complete if we show that F decomposes mto a

finite sum of maps F; which are ¢;-regular map relative to the pair of spaces (£ i (2),E, i (2));
namely, there are constants p; > 1, ¢; > 0, ¢; € (0, 1,) and 7y(g;) € [pi€i, 1) such that

i i—1
I0) = Fl s < illo = wll g, (L RIRL, 0l ) (B

P 1t ‘(2)
1ie;
for any v,w € E; " (2), where
min{y(e;)} =: 7 > & := max{e;}. (B.2)
For this purpose we will suitably decompose the nonlinear term (see |16, Lemma 3.1]).
Lemma B.1. If f, satisfies , and fo(-,0) = 0 then there ezists a decomposition

fO(:E?/U) = fOl(xav) + fOZ('xav)a VS RNa (S Ra
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such that
for(x,0) = fo2(x,0) =0,
for : RY xR —= R is a globally Lipschitz map (B.3)
and
| for(z,v1) = foo(, v2)| < clog — va|(Jo1|[*" + |v2)7"), vi,v2 €R, (B.4)

for some ¢ > 0.

Below we consider the maps

Fi(u) = Po(for(,u) +9), Falu) = Po(foa(,w))  and  Fs(u) = Po(m(-)u).
Due to (B.3)) e-regularity properties of F; are much straightforward and in the next lemma
we describe e-regularity of JF.
Lemma B.2. Assume for some p € (1, p|.
Then Fay(u) = P(foa(-,u)) satisfies (B.1) with certain co > 0, py = p, €9 € (O,%) and
v(g2) € [pea, 1). In particular, holds with py = p and

1 N—-p)—N
Yeslo) = 3o ealp) = maxfo, ZEZ D=,
Consequently whenever p= < pe, P(fo2(-,u)) can be viewed as a Lipschitz continuous map on

1
bounded sets from E4+4p (2) = H, e *(RN) into Ej *(2) = H,*(RY).
Proof: Note that

1Po(foz (-5 0) = for (s D] eny-a < ellPo(foa(t,0) = foo (s w))l] yirear—s gy

Ep (2)
and hence,
||P0(f02(" U) - f02('7 w))HE;(sz)*%(z)
<d||(P+ 1)2“82)-%(}?0 + 1= 1) (fool-,0) = fon (-, ) oy
< ¢"(Py+ P73 (foa (-, v) — foo -, w)) || oz

< CI”HfOQ(" ) - f02('7 w)HH;fW(EQ)*l(RN)a
where we consider v(g2) such that
4y(e2) =1 <0.
We now use the embedding
Np
pzq=z ;
N+ (1 —4y(e2))p

H O (RY) — LI(RY), q>1,

to get via Holder inequality
1P foal 0)=Jor (s WD oear-g ) < Elllor = wal (fun”™ ol (1 G|

L NFO=1G2)5 (RN)
_ p—1 p—1
< &ffoy UQHL%(RN)H(WJ [l )HLW(RW
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It is easy to see that the right hand side of the above inequality will be bounded by the right
hand side of (B.1) provided that

Nip—1) _ Np
2+482 —4’}/(82) - N-— (1—}-482)])’

that is when
N +p —4py(er)
P=N_ (1+4eor)p

Since y(e2) € [e2p, 1) it is sufficient to ensure that p < %, which is the case for
p < pe. On the other hand, when p = p. then one needs y(g3) = e2p to satisfy (B.5)).

We remark that, whenever p € (1,p.], the above argument can be carried out with
Y(e2(p)) = 1 and e5(p) = max{0, %}. We also remark that es(p.) = ﬁ and that

g9(p) = 0 for p < NLﬁ). O

(B.5)

We now translate the properties of the multiplication operator from Lemma into the
es-regularity of the map F3.

Lemma B.3. Suppose that m € Ly, (RY), r > max{5,1} and p € (1,00) and either % >1
orl> % > g -1
Then F3 satisfies

IFa(0) = Fa )l e < cllo =0y,

with v(e3) = }L + <4ﬂp — %)_ > 0 and with any number €3 > 0 which s strictly less and

N N

arbitrarily close to 4—11 + <E — E) . Consequently, (B.1) holds with a certain ps > 1 such

that 7(63) > P3E3.
Proof: Note that %ﬁ—(%—%) > (0 as we have both r > %and% >1lorl > % > %—1.
As at the beginning of the proof of Lemma we obtain

IPa@n() = Q)] -1, < €@ (0) = Qo) 1 g
< CHQm(U) - Qm(w)

(3 = ¢[|@m(v) = Qum (W)l 2o 01 vy -

T

I
H,y T (RN)
Using then Lemma with 8 = 3*(1,p) — 1 we have
1P0(@n(0) = Q) ey, < llmlzgnllo = wllgzeam
P
where « is strictly less and arbitrarily close to 5*(1,p). Viewing now 2« as a sum 1 + 4¢3

we get

||P0(Qm(v> - Qm(w))HEv(%)—%

< cllmllg @mllo = wl gssesw, < cllo = wll 4

y 2) EARIE)
with e3 strictly less and arbitrarily close to % + (% — %) : O

Proof of Theorem [2.1 We will focus below on the case (iii).
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Letting vy(g1) = i and using (B.3) we immediately have
[Po(for (- 0) = for (5wl -z, < ellfor(50) = for (5wl yaen-1 gy

Ep 2)

<dfv - vl L@y < v — U||E71I+51(2),
5

with any e; > 0. From this and Lemmas the maps F;, i = 1,2,3 satisfy (B.1)).

Furthermore, we have

and N N
z = max{0, PN —p) = €3},
4pp
for some e3 that is less but close to l + (% — %) so that v > €3. Note that v > 0 as we
have both r> 5 and N > p. Also note that r > = and N > p imply that v > %.
Thus holds and the result follows from [3] Theorem 2.2].
We remark that in the case (i) letting v(e2) = § we have
1Pol ol ) = For s W)l -5 ) < C”fm(‘a v) = for (s W) a1 gy
< o =0l
with any e > 0. In the case (ii) we obtain
[P (fo2 (5 v) = foal- ))” o(e2) Z @ < [ for(,v) = for (-, w)| HED 7 RN
<c’v—w,5 1—1—1)’) wl|” ,
o= 0l (L I, Tl )

again with y(e;) = 1 and any go > 0. Thus in the case (i) or (ii) the result follows as well

provided that we have =7 + <— — %) > (0 which translates into the assumption
. 1

Note that is satisfied if » > p or if p < N, since r > % Also, is satisfied for
p = 2 since r > max{%, 1}. Thus evidently holds in the case (ii) whereas in the case
(i) we have it assuming % > 1. O

Remark B.4. The above proof of Theorem - yzelds that F(u) = Py(f(-,u)) is Lipschitz

continuous on bounded sets from E4 mto E *, where 8 < 7 due to (B.3). Forr = p
we have v = Z and hence, for any e < Z close enough to t, Py(f(-,u)) is then a Lipschitz

1. 1
e _ = H) ™ (RY) into E,* = H,*(RY). Therefore, both A* can be viewed a

map from Ep
sectorial operator in the space X = X° := H2(RY) (see Theorem and the nonlinear
term A(f(-,u)) can be viewed as a Lipschitz map from the fractional power space Xite =

HIT(RY) into X = H*(RY) with any e < § close enough to §, from which we infer that
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i) choosing any € < }l close enough to %, due to [12, Theorem 5|, for each B bounded in
H) M (RN) and for arbitrarily small to > 0 we have sup,, cp |lu(t, o) || g2y < 00,

it) due to [15, Theorem 3.2.1], if the solutions exists globally in time, then given any & < 3
close enough to }L and given any set B bounded in H;HE(RN) and having compact closure in

H,?(RY) we have that {u(t,ug),ug € B} has compact closure in H) ™ (RN) for any t > 0.

Proof of Remark Following the proof of Theorem [2.1{ and using [3, Theorem 2.2] we

infer that there is a non-continuable unique solution u through ug € Ej (2) satisfying the
variation of constants formula

t
u(t) = e~ Pty + / B8 F(u(s))ds, ¢ € [0,7).
0

Furthermore, u depends continuously upon the initial condition and regularity results in [3]
Theorem 2.2] ensure that

we C([0,m), BE (2)) N C((0,70), B T22)) N CH((0,7), B5(2)) for each s < i +7, (BT)

that is (2.1) holds. For p < p. we have v(g;) > pie;, © = 1,2,3, and the existence time
1

is uniform on arbitrarily large balls in E; (2) = H,(R"). Consequently, due to the results

in [3] (see also [2]) an H)(R")-estimate of the solution on finite time intervals, guarantees

that the solution exists for all ¢ > 0. On the other hand, for p = p. we have that an
iz = . . . . . .

Ef" (2) = H) " (R")-estimate of the solutions on finite time intervals guarantees its global

existence. Thus 7,, < oo implies

limsup ||u(t)|]] 1+ =00 for p< p.,
H%p\l Bl 4, p<p
and
limsup [[u(t)|| 1.. =00 for p=p,. (B.8)
- B

Concerning additional smoothing action of the solution we have the following counterpart

1
of [3, (2.6)]: whenever p < p. and 6 < 7, for any wug, 2o in the ball in Ej (2) of radius R > 0,
there exists to(R) and C'(R) such that for any 0 <t <t

0
Ot u) =t o)y, < c(Rwo =20l 4 02 (B.9)
and
0
Ot uo) 4o, < B, (B.10)
Recall that v = % + (4% — %) and v = % when p < r.
Actually, referring to [3, Theorem 2.2] we have together with that
. 0 .
tlirgit ”u(t’uO)HEp%”@) =0,0<7. (B.11)
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To prove (B.10)) we now choose any ug in an arbitrarily fixed ball B(zg, R) in H'(RY) around
20 € HYRY) of radius R > 0. It follows from 1} that given 6 < v there exists {5 > 0
such that for ¢ € (0, ]

t9||u<t7 ZO) HEi.t,_g(Q) S 1.
P

Using this and , we obtain for any fixed ¢ € (0,%o] and 6 < v that
10 u(t < 17| u(t 10| u(t, uo) — ult
w0l g0y < 2200y, + ) = ult )] g

P

We now indicate the space in which the equality @+ PZu = F(u) actually holds. We first
focus on the case when r > p, that is when 5*(p) = g*(1,p) = 1.
Since in the case r > p we have 7 = }1, the map F is then Lipschitz on bounded sets from

1.z 1
E; +8(2) into £, 2(2). Thus for r > p we infer that, as long as the solution exists,

o+ Pju= F(u) in Ep_%(Z).
On the other hand, letting
w=—FPou+ f(-,u),
we may rewrite @ + Piu = F(u) as & = Pyw. We observe from Lemmas that
f takes HPZ(RN) into LP(R™).

Since v = 3, (B.7 q implies that @ € LP(RY) and due to what was said above we thus have
w e Eg = LP(RY). Using next properties of Py we infer from the equation % = Pyw that
w=(Po+ 1) (t+w) e (Po+ 1) " (LP(RY)) = H2(RY). Thus the equality & = Pyw holds
in LP(RY).

When r < p, in Which case 3*(p) = B*(1,p) < 1, we have due to the proof of Theorem-
that v = 36%(1,p)— %, F is Lipschitz on bounded sets from E4 (2) into Fp 4( ) and, as

long as the solution ex1sts, the inequality @+ P2u = F(u) holds in Ej i (2) = Eﬁﬂ (l’p)_1(2).

For completeness we now prove that @ = Pyw in H, (6*(@) 1)(RN )
We have that 7 is bigger than € and thus bigger than a number &5 appearing in Lemma [B.2
This implies 26*(1,p) > 1 + 48 > 1 4 4e5. On the other hand, in Lemma we can choose

v(e2(p)) = 1 and follow the proof of this lemma to conclude that fo takes E4+E2(2) =
H) e (RY) 1nto LP(RY). Consequently, since Ha' P (RV) — — H)t(RY) and LP(RY) —
Hﬁﬁ*(l’p)_Q(RN), foe and thus also fy take Hﬁﬂ*“’p)(RN) into Hgﬂ*(l’p)_Q(RN).

Applying Lemma [A 1 with 3 = 3*(1,p) — 1 and « less but close enough to 3*(1, p) we next
have that the multiplication operator Qm, Qm(¢)(-) = m(-)¢(:), takes H2*(R") and thus
also H2""WP(RN) into H7”"?)72(RY). This and the above property of fo» ensure together
that

f takes Hg’g*(l’p)(RN) into Hgﬁ*(l’p)_2(RN). (B.12)

Summarizing, for r < p, as long as the solution exists, we have @ + Pfu = F(u) in

HP PR which can be viewed as i = Py(—Po+ f (-, 1)) = Pyw with u € Hy” "P(RN),
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i€ H7WP72RNY (see (B.7) and w = —Pyu+ f(-,u) € Hy? “P72RY) due to and
properties of Fy. From the equation v = Pyw, using again properties of Fy, we thus infer
that w = (Py 4+ 1)~ (4 + w) € (Py + )Y (HZZ P 2(RN)) = H2Z P (RN). Consequently,
the equality @ = Pyw holds in Hp" WP =D(RN), O

Proof of ([2.3])). We finally make a few remarks concerning (2.3). Note that A can be viewed
as a closed operator in H2(R") with the domain L?(R"). Furthermore, A commutes with
the resolvent operators of —A?; that is, whenever a is in the resolvent set p(—A?), we have

Ala+ A% = (a+ A*) ' Av, v e L*(RY). (B.13)
Indeed is implied by the condition
v=(a+AHAa+ A A,
which is true as
v=(a+AHA(a+ AP TAv = A a+ A?)(a+ A?) AV = .

Combining this with the closedness of the operator A and with the exponential formula
lim,, oo (1 + ZA?) "0 = e 2’7y (see [37, §1.8]) we conclude that

e A = Ae Ty, v e LA(RN). (B.14)
Thus (2.3) is immediate from ([2.2)) and (B.14)). O
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